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PREFACE 

In February, 1965, Dr. ErnstStuhlinger, now MarshallSpace Flight 
Center’s Associate Director for Science, initiated a series of Re- 
search Achievements Reviews which set forth those achievements 
accomplished by the laboratories of the Marshall Space Flight Center. 
Each review covered one or twofields of research in a form readily 
usable by specialists, systems engineers and program managers. 
The review of February 24, 1966, completed this series. Each re- 
view was documented in the “Researoh Achievements Review Series. ” 

In March, 1966, a second series of Research Achievements Reviews 
was initiated. This second series emphasized research areas of 
greatestconcentration of effort, of most rapid progress, or of most 
pertinent interest and was published as ‘(Research Achievements 
Review Reports, Volume II. ” Volume II covered the reviews from 
March, 1966, through February, 1968. 

This third series of Research Achievements Reviews was begun 
in March, 1968, and continues the concept introduced in the second 
series. Reviews of the third series are designated Volume III and 
will span the period from March, 1968, through March, 1970. 

William G. Johnson 
Director 
Research Planning Office 
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INTRODUCTION TO M'ETEOtlOlD PHYSICS RESEARCH 

R. J. Naumann 

INTRODUCTION 

Since the time man first began to seriously 
consider spaceflight, it was recognized that the 
existence of small bits of material in space ranging 
from micron-size dust to huge boulders presented a 
possible hazard to space vehicles. This hazard 
results from the extremely high relative velocities 
of the particles, ranging from earth escape 
( ii km/set) to parabolic retrograde (72 km/set) , 
with an average of approximately 20 km/set. The 
energetics of impacts at these velocities are sum- 
marized in Table I. 

Many efforts have been made to assess the 
meteoroid hazard to space vehicles. The problem 
is two-fold. First, the natural environment must be 
defined in terms of flux or number density as a 
function of mass and velocity. Secondly, the damage 
to a given structure as a function of mass and velocity 
must be specified. With these two ingredients, the 
hazard to a particular space vehicle may be deter- 
mined by integrating over the mass and velocity 
distributions to find the probability of encounter with 
a particle that will cause critical damage. 

Early attempts to define the mass-flux distri- 
bution relied on visual observation of meteors and 
subjective estimates of their brightness compared to 
fixed stars. Later, photography provided a more 
precise method for obtaining magnitudes. However, 
photographic methods are limited to about first or 
second magnitudes. The problem of interpreting the 
observed brightness in terms of energy or mass 
remained. This was solved by assuming some 
Iuminous efficiency, or fraction of Fnergy converted 
to light. Later experiments such as Trailblazer, 
which launched an artificial meteor of known mass 
and velocity into the atmosphere, provided a some- 
what firmer basis for this interpretation. 

Structural damage was estimated by extrapolating 
ballistic data at a few kilometers per second to 
meteoroid velocities - approximately a five-fold 
extrapolation. 

The number of hazard models was almost equal 
to the number of investigators, since each had his 
own opinion of how to do the various interpretations 
and extrapolations, as may be seen in Figure I. It 
was not until penetration experiments were flown 

Available Energy (MJ/kg) 

(eV/amu) 

Typical Pressures N/m2 

Temperature of Com- 
pressed Material (“K) 

TABLE 1. ENERGETICS OF METEOROID ENCOUNTER 

FOR COMPARISON: 

ii km/set I 20 km/set 72 km/set 

60 200 2500 

0.6 2 25 

50 x 109 to 30 x 10’0 15 x 1o’O to 75 x 10’0 15 x IO” to 75 x 10” 
(0.5 to 3.OM.b) (1.5 to 7.5Mb) ( 15 to 75 Mb) 

0.5 x 10s 1.5 x 105 2 x 106 

Largest ionic bonding energy is 0.4 eV/amu ( LiF) 
Yield of TNT is i. 75 MJ/kg 
Typical metallic bond is 0.073 eV/amu (Fe) 

Pressure at interior of earth is 4 x IO” N/m2 (4.0 Mb) :’ 
Temperature at interior of sun is 15 x 106-K 
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Figure I. Summary of various proposed meteoroid environmental models. 

on satellites that some coherent picture began to Considerable improvements have been made in 
emerge. Through use of the more recent measure- the development of hypervelocity techniques as well 
ments and a more refined interpretation, the present as in theoretical understanding of impact phenomena 
picture of the meteoroid environment is illustrated and of the behavior of matter at the pressures and 
in Figure 2. temperatures associated with meteoroid impact. 
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Figure 2. Current meteoroid environment. 

MSFC has contributed heavily In the evolution of 
the present picture of the meteoroid environment as 
well as in experimental and theoretical work in 
accelerator development, impact mechanics and 
related phenomena, and high-pressure, solid-state 

R. J. NAUMANN 

physics. It is the purpose of this review to report 
on some of the more recent accomplishments. 
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LIGHT GAS GUN EXPERIMENTS 
BY 

Davld Jcx 

FACILITY OESCR I PTION 

At present the Space Sciences Laboratory (SSL) 
is operating two light gas guns. The smaller gun 
has a nominal 0. 1588-cm (0.0625-in. ) launch tube, 
but is capable of launching projectiles up to 0.238 1 cm 
(0.0938 in.) in diameter. Driven by a .375 H&H 
Magnum rifle cartridge, the gun has a velocity 
capability of 8.5 km/set. The larger gun has a 
nominal launch tube diameter of 0.3 18 cm (0. 125 in.) 
that can be extended to 0.635 cm ( 0.25 in. ) . A 
20-mm aircraft cannon cartridge is used as a driver. 
Velocities approaching 10 km/set have been achieved 
A novel saboting technique allows glass beads as 
small as 160 p as well as full bore projectiles to be 
launched. 

Instrumentation for these ranges includes 
standard instrumentation such as image converter 
cameras, IOO-MHz counters, photomultiplier tube 
velocity stations, etc. Also there are two field 
emission Febetron 600 keV pulsed electron guns 
available that can be used to produce betagraphs, 
flash x-rays, or super-radiant light. 

The primary intended uses of this range were to 
study physical phenomena associated with hyperveloc- 
ity impact and to develop and calibrate meteoroid 
detectors. However, the high velocity capability and 
low operating cost of our range made it very much in 
demand for providing quick answers to actual design 
problems at MSFC and at other NASA installations. 

EXPERIMENTS CONDUCTED 

The light gas gun experiments conducted in the 
last two years can be grouped under three main 
headings. 

1. Assistance in quick analysis of basic struc- 
tures exposed to the meteoroid environment. 

2. Examination and calibration of existing 

meteoroid detectors and basic research for future 
applications in meteoroid detection analysis. 

‘3. Basic research in understanding the process 
and .characteristics of the impact phenomenon. 

,‘These three main headings together with those 
experiments that logically fall under each are shown 
in Table I. The eight specific tests listed under 
these headings will be discussed in some detail in 
the following pages. 

Assistance in Quick Analysis of Basic 
Structures Exposed to the Meteoroid 

Environment 

WLNERABILITY OF SOLAR CELLS 

At the request of the Astrionics Laboratory 
of MSFC, the vulnerability of solar cells to be used 
on the Apollo Telescope Mount was examined. The 
questions to be answered are: Will a panel of solar 
cells suffer a catastrophic failure when impacted by 
a meteoroid and what size meteoroid can the panel 
withstand and still not suffer catastrophic failure? 

Figure 1 shows the results of an impact of a 
0.318 cm (0.125 in.) diameter, 0.318 cm (0.125 in.) 
long cylindrical projectile with a density of 
I. 2 gm/cm3 at a velocity of 7.92 km/set. By 
visually examining the extent of damage and measuring 
the voltage produced under the same conditions by 
the panel before and after impact, it was evident that 
only those cells directly impacted failed. There was 
no evidence of catastrophic failure such as propa- 
gations of cracks or delaminations. Since the pro- 
jectile size used in this test represented an upper 
limit on what could be expected on a large solar cell 
array, it was concluded that large meteoroids did 
not present a severe hazard to solar cell arrays. 
Additional tests with smaller projectiles and at 
oblique impacts defined the expected failure rate of 
solar cell panels. 
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T A B L E  1. A R E A S  O F  I N V O L V E M E N T  A N D  S P E C IFIC E X P E R IM E N T S  C O N D U C T E D  

1. A S S IS T A N C E  IN Q U ICK A N A L Y S IS  O F  B A S IC S T R U C T U R E S  
E X P O S E D  T O  TIIE M E T E O R O ID E N V I R O N M E N T  

a. Vulnerabi l i ty  of So la r  Cel ls  
b. B u m p e r  Sh ie ld  E ffcctlvencss 

s c. Protect ive Character ist ics of H o n e y c o m b  M a terial  
d. Eva lua t ion  of M e teoro id  Sh ie ld  o n  Mar ine r  7 1  

(Jet P ropu ls ion  Labora to ry )  
e. Check  o n  S o ft X - ray  Dev ice  (Nava l  Research  Labora to ry )  

2. E X A M INATION A N D  C A L IB R A T IO N  O F  E X IS T I N G  M E T E O R O ID 
D E T E C T O R S  A N D  B A S IC R E S E A R C H  F O R  F U T U R E  A P P L ICATION 
IN M E T E O R O ID D E T E C T I O N  A N A L Y S IS  

a. Cal ibra t ion of P e g a s u s  Pane ls  
b. E lec t romagnet ic  Pu lse  Assoc ia ted W ith S h o c k e d  Dielectr ics 

3. B A S IC R E S E A R C H  IN U N D E R S T A N D ING T H E  P R O C E S S  A N D  
<  C H A R A C T E R IST ICS O F  T H E  IM P A C T  P H E N O M E N O N  

a. Research  of Impac t  P h e n o m e n c n  (Contract  W ith 
IIT Research  Institute) 

F igure  1. S imu la ted  m e teoro id  impact  o n  so lar  cel l  pane l .  
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B U M P E R  S H IE L D  E F F E C T I V E N E S S  

W h e n  it was  de te rm ined  that add i t iona l  m e teoro id  
protect ion was  n e e d e d  for the Orbi ta l  Workshop ,  it 
was  p r o p o s e d  to dep loy  a  thin sh ie ld  o r  m e teoro id  
b u m p e r  a r o u n d  the cyl indr ical  S - IVB  tank. To  dcter-  
m ine  the ef fect iveness of this bumper ,  it was  nec-  
essary  to de te rmine  what  s ize project i le cou ld  per -  
forate this sh ie ld  a n d  rema in  relat ively intact. 
Empi r ica l  da ta  to answer  this quest ion  we re  gene ra ted  
in  a  test ser ies in  coopera t ion  with the Astronaut ics 
Laboratory ,  M S F C . T h e  a p p r o a c h  taken by  this lab  
was  to fix the spac ing  be tween  the b u m p e r  o r  sh ie ld  
a n d  the secondary  sur face represent ing  the actual  
spacecraf t  surface. Then,  by  vary ing the project i le 
s ize a n d  b u m p e r  thickness, f ind s o m e  re lat ions that 
cou ld  a id  in  ext rapolat ing to the expec ted  m e teoro id  
impact  condi t ion.  

F igure  2  shows  the actual  impact  p rocess as  
v iewed  by  the T R W  i m a g e  conver ter  camera .  T h e  
prof i le of the debr is  c loud  can  b e  seen.  F igure  3  
is a  pho tog raph  of o n e  of the spec imens  used.  T h e  
d a m a g e  pat tern is typical of the results us ing  this 
cyl indr ical  type project i le.  This par t icular  p ro -  
jecti le impac ted  at a n  ang le  as  m a y  b e  seen  by  the 
o b l o n g  ho le  in  the bumper .  This a lso  p r o d u c e d  the pec-  
u l iar  spray  pat tern o n  the rear  surface. Project i les 

impact ing  e n d - o n  p r o d u c e d  the convent iona l  
c i rcular spray  pattern.  In e i ther  case,  the dep th  
of penet ra t ion  into the rear  sur face is essent ia l ly 
the same.  F igure  4  is a  g r a p h  of the results. It wil l  
b e  no ted  that the dep th  of d a m a g e  in  the secondary  
sur face rema ins  constant  for each  size project i le 
unti l  it reaches  a  point  w h e r e  the b u m p e r  is n o  longer  
suff icient to complete ly  b reak  u p  the project i le.  A t 
this point ,  there  is a  not iceab le  inc rease in  the dep th  
of the d a m a g e . T h e  m i n i m u m  b u m p e r  is’ the th innest  
sh ie ld  necessary  to complete ly  f ragment  the project i le.  
A n y  thicker b u m p e r  wil l  g ive  a d e q u a t e  protect ion as  
far as  dep th  of penet ra t ion  is concerned .  F igure  5  
is a  compar i son  of the no rma l i zed  da ta  that we re  
ob ta ined  with Texan  o n  a l um inum c o m p a r e d  with 
s imi lar  work  with a l um inum o n  a l um inum by  C. J. 
M a i d e n  at G e n e r a l  M o tors De fense  ,Research  L a b o -  
ratory . F rom the f igure, it is ev ident  that the b u m p e r  
is m o r e  effective against  the lower  densi ty  lcxan 
(p  =  j. 2  g m /cm’) than  against  a l um inum with 
p  =  2 .77 gm/cn?.  This effect cou ld  b e  very signif icant 
s ince the bu lk  densi ty  of mctcoro ids is be l ieved  
to b e  less than  i. 0  gm/cm3.  

Addi t iona l  in format ion o n  this test ser ies was  
p resen ted  at the O A R T  M e teoro id  Impac t  a n d  
P e n e trat ion Workshop  Oc tober  8-9,  1968 ,  at the 
M a n n e d  Spacecraf t  Center .  

F igure  2. S imu la ted  m e teoro id  impact  of b u m p e r  sh ie ld  conf igurat ion.  
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Figure 3. Bumper shield and secondary surface damage. 
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Figure 4. Results of bumper shield test series. 
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Figure  5. Compar i son  of no rma l i zed  results of the b u m p e r  sh ie ld  test ser ies with a  s imi lar  
i ndependen t  study. 

P R O T E C T IV E  C H A R A C T E R IST ICS O F  H O N E Y C O M B  
M A T E R IA L  

H o n e y c o m b  m a terial  offers attractive advan tages  
as  a  structural  m a terial  because  of its h igh  rigi.dity- 
to-weight  ratio. Also,  the outer  wal l  natural ly  serves 
as  a  m e teoro id  bumper ,  wh ich  shou ld  improve  its 
protect ion capabi l i ty  over  a n  equ iva lent  we ight  s ing le  
wall .  T h e  quest ion  a rose  as  to whe the r  the channe l ing  
act ion of the h o n e y c o m b  structure might  offset s o m e  
of the ga in  a f fo rded by  the d o u b l e  wall .  A  ser ies of 
tests was  conduc ted  to eva lua te  this quest ion.  

T h e  tests we re  conduc ted  by  ho ld ing  project i le 
mass  constant  a n d  vary ing velocity unti l  fa i lure of the 
rear  sur face was  ach ieved.  F igure  6  i l lustrates the 
results of these tests. T h e  cutoff po in t  n e a r  8 0  
deg rees  was  est imated f rom impacts at 7 5  deg rees  
to the normal .  F igure  7  shows  the a r e a  of fa i lure 
in  re lat ion to the point  a n d  ang le  of impact.  It wil l  
b e  no ted  h e r e  that the fai lure a r e a  is wi th in the 
per imeters  of the cel l  of init ial impact,  a l though  as  

ind icated by  the d a s h e d  l ines, the cel l  wal ls  we re  
des t royed in  most  cases.  This shows  that the 
h o n e y c o m b  directs, o r  channels ,  most  of the debr is  
resul t ing f rom the pr imary  impact  at a  point .  

Tests o n  equ iva lent  doub le -wa l l  structures have  
not  b e e n  comple ted  at this tim e  a n d  wil l  b e  pub l i shed  
in  a  fo r thcoming report .  

E V A L U A T IO N  O F  M E T E O R O ID S H IE L D  O N  M A R INER 
7 1  A N D  C H E C K  O N  S O F T  X - R A Y  D E V ICES 

B e c a u s e  of the capabi l i ty  to l aunch  very smal l  
g lass b e a d s  at h igh  velocit ies, M S F C  was  asked  by  
severa l  outs ide agenc ies  to assist in  m e teoro id  
test ing of space  vehic les a n d  exper iments .  A  ser ies 
of shots was  conduc ted  at the request  of the Jet 
P ropu ls ion  Labora to ry  to eva lua te  the m e teoro id  
sh ie ld  ef fect iveness of the insulat ion o n  Mar ine r  7  1. 
Tests we re  a lso conduc ted  o n  a  soft x- ray exper i -  
m e n t u n d e r  deve lopmen t  by  the Nava l  Research  
Laboratory .  
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of survei l lance a f fo rded by  these spacecraf t  a l l owed  
a  samp l ing  of the m e teoro id  popu la t ion  in  the size 
r a n g e  f rom’which  signif icant structural  d a m a g e  can  
b e  expected.  These  da ta  points  fo rm the basis  for 
ext rapolat ion of the m e teoro id  env i ronment  to the 
la rger  masses  that a re  of crit ical interest to la rge  
m a n n e d  vehicles.  S ince  these a re  the on ly  da ta  
concern ing  this s ize r a n g e  that a re  expec ted  to b e  
ava i lab le  in  the fo rseeab le  future, a  substant ia l  
effort was  m a d e  to cal ibrate the detector.  

F igure  8  shows  the results for the 0 .04-cm 
P e g a s u s  pane l .  E a c h  vert ical l ine represents  a  
mass.  T h e  hash  marks  o n  the r ight s ide of the l ine 
represent  detected impacts,  wh i le  the hash  marks  
o n  the left s ide of each  l ine represent  unde tec ted  
impacts.  In this manner ,  the th resho ld  velocity 
m a y  b e  estab l ished for a  n u m b e r  of masses.  
Ext rapola t ion of these points to ave rage  m e teoro id  
velocity g ives the ave rage  th resho ld  mass  for the 
detector.  It m a y  b e  seen  that the h ighe r  veloci t ies 
at ta inable by  the S S L  facility ex tended  the cal ibrat ion 
da ta  to substant ial ly smal ler  masses  a n d  thereby 
inc reased the conf idence in  the extrapolat ion.  A lso  
it is interest ing to c o m p a r e  these results wi th the 

V I L O C I T V  ( k m / W C )  pred ic ted results us ing  the empi r ica l  penet ra t ion  
fo rmula  deve loped  by  R ichard  Fish at A m e s  Research  
Center .  It m a y  b e  seen  that there  is even  a  greater  

F igure  6. Resul ts  of h o n e y c o m b  m a terial  test ser ies. velocity d e p e n d e n c e  than  that p red ic ted by  Fish. 

F igure  9  shows  s o m e  of the output  wavefo rms 

-; ld[$R 

f rom the P e g a s u s  detector.  T h e  pho tographs .a re  
those taken of the osc i l loscope that mon i to red  the 
pane l  d ischarge.  T h e  pho tog raphs  i l lustrate 
the d i f ference in  penet ra t ion  a n d  nonpenet ra t ion .  T h e  
typical sha rp  quick d ischarges  o n  the left a re  those 
assoc ia ted with penet rat ion.  T h e  relat ively l ong  
d ischarges  o r  n o  d ischarges  d isp layed o n  the r ight 
a re  assoc ia ted with nonpene t ra t ion  f ir ings. T h e  
interest ing fact is that a  sha rp  d e e p  d ischarge  is 

F igure  7. Rela t ion of fa i lure a r e a  to impact  po in t  
for h o n e y c o m b  m a terial  test ser ies. 

ob ta ined  w h e n  the impact  is substant ial ly a b o v e  
threshold.  However ,  w h e n  n e a r  th resho ld  condi t ions 
prevai l ,  the d ischarge  b e c o m e s  m o r e  g radua l  a n d  
m o r e  sha l low unti l  it is n o  longer  detectable.  

E L E C T R O M A G N E T IC P U L S E  A S S O C l A T E D  W ITH 

E xamina tio n  a n d  Cal ibra t ion o f ‘E xist ing S H O C K IZD D IELECTRICS 

M e teoro id  D e tec tors  a n d  Bas ic  Research  joor  Severa l  interest ing p h e n o m e n a  assoc ia ted with 
Fu tu re  App l i ca tions  in  M e teo ro id  impacts o n  dielectr ics have  b e e n  obse rved  recent ly 

D e tec tio n  Ana lys is  in  the form of e lec t romagnet ic  d is turbances.  A n  
insu la ted coppe r  p la te  was  instal led b e h i n d  a  
dielectr ic sheet.  A  sh ie lded  box  su r round ing  the 

C A L IHRATION O F  P E G A S U S  P A N E L S  plate served  as  g r o u n d  re fe rence as  s h o w n  in  F igure  
10.  A  nonpene t ra t ing  impact  o n  the dielectr ic 

T h e  P e g a s u s  spacecraf t  car r ied the first p roduces  a  short  posi t ive pu lse  fo l lowed by  a  l ong  
la rge  a r e a  m e teoro id  detectors into space.  T h e  a r e a  negat ive  def lect ion, as  s h o w n  in  F igure  ii. T h e  top 
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Figure 8. Results of calibration tests on Pegasus panels. 

Figure 9. Output waveform profiles of Pegasus panels. 
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Figure 10. Target configuration for dielectric study 

profile is at 10 V/cm and the bottom profile is at 
0.05 V/cm. The time base is the same for both. 
This long term negative deflection is obviously a 
result of a charge on the dielectric sheet that may 

hnvo been dopositotl by the proJectHo, or may havo 
rosultutl from chat-go ojoctlon during tho impact. 
The origin of the frml ~w)nlllvo spilt0 Is not HO appnront. 
Atldltiom~l 10~1~ will bc Iw~rIormotl lo lnvodlgnto thl~ 

phoiu~monor~ and to tlctornilno Its potential 11s a 
moboroid impact dctoctor. 

Basic Research in Understanding the 
Process and Characteristics of the 

Impact Phenomena 

RESEARCH ON IMPACT PHENOMENA 

To make certain that the basic phenomena 
associated with hypervelocity impact are understood, 
an experimental program has been conducted to make 
basic measurements on the debris cloud that can be 
compared with computed values. This program has 
concentrated primarily on the penetration products 
emerging from a thin sheet when impacted by a flat 
disk. This configuration was chosen to minimize 
jetting effects. Also the penetration products at the 
rear of a thin shield are of considerable importance in 
analyzing bumper performance. 

Figure il. Electromagnetic disturbance waveform associated with dielectric study, 
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Most of the experimental work was carried out resolved spectra, and ionization state. All measure- 
under contract NAS8-20337 at the Illinois Institute of ments were done at less than 13.3 x IO-’ N/m2 ( 10e5 
‘I’echnology Research Institute by Jerome Jeslis. torr) to minimize the effect of collision with ambient 
Measurements include velocity and density distri- atmosphere molecules. The measurements are 
butions in the debris cloud, temperature estimates almost completed and will be published in a contractor 
based on photometry and spectral data, time report. 
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SIMULATED iR~TioR0lD wm TESTING 
ON MDA CONFIGURATION 

: BY 

R. c. Ruff 

SUMMARY 

The results of research programs to improve 
the experimental capabilities of the Materials Divi- 
sion Meteoroid Simulation Facility of the Astronautics 
Laboratory are presented herein. The results of 
penetration threshold measurements on various 
configurations of the Multiple Docking Adapter (MDA) 
such as the spacecraft wall, external electrical cable 
tunnel, and photographic window bumper are dis- 
cussed. Also given are results of penetration tests 
on various densities of multilayer insulation mate- 
rials. The current research efforts are described. 

INTRODUCTION 

The programs that are presented in this paper 
were carried out in the Materials Division Meteoroid 
Simulation Facility of the Astronautics Laboratory. 
The programs had a dual purpose. One was to give 
basic data for design purposes and structural analysis, 
The second was to arrange the tests so that a good 
understanding of the physics of hypervelocity impact 
could be acquired. 

The following topics will be presented; ( I) a 
brief summary will be presented of the research on 
hypervelocity launch techniques that were necessary 
to provide the experimental capabilities needed for 
penetration testing, (2) some of the results of the 
MDA configuration tests will be presented, (3) the 
results of a series of low density multilayer insulation 
tests will be related to protection efficiency, and 
(4) some current research studies will be briefly 
described. 

HY PERVELOC ITY LAUNCH TECHNIQUES 

The Materials Division Meteoroid Simulation 
Facility is shown in Figure 1. The facility consists 

of a two-stage light gas gun with a 1.27 cm ( 0.5 in. ) 
diameter launch tube. The breech of the light gas gun 
Won the left with the pump tube, high pressure 
section, and launch tube extending to the right. At 
the far right is the dump tank for dispersing the 
acceleration gases, the x-ray diagnostics section for 
velocity and integrity determinations, and the target 
tank. 

This light gas gun facility was developed for the 
Materials Division under a research contract with 
the intent of providing an inherent flexibility in 
testing procedures. The success of this endeavor is 
the fact that projectiles with a mass range from 
0.008 to 5.0 grams can be launched at velocities 
from 5 to 8 km/set. This facility was delivered 
approximately 2 years ago. After the first operational 
checkout firings, it was felt that there were two areas 
associated with the launch techniques in which 
improvements would greatly increase the information 
output of the facility. 

The first problem area was in the design of the 
sabot stripper that was being used. The sabot 
technique is a method of launching projectiles of 
various sizes and shapes. The projectile of interest 
is placed on the front face of a full bore, polycar- 
bonate slug called the sabot. The sabot and projectile 
must then be separated after leaving the muzzle of 
the light gas gun. This separating or stripping 
operation can be described using the schematic 
diagram of the range tank shown in Figure 2. The 
projectile and sabot (not shown) are launched from 
the barrel of the light gas gun shown on the left. As 
they leave the barrel, the sabot impacts four tungsten 
stripper pins, while the projectile, being less than 
full bore, goes between the pins and straight down 
range through a hole in the sabot trap and onto the 
target. The impact between the sabot and the stripper 
pins is a hypervelocity impact and, therefore, 
completely demolishes both the sabot and the pins. 
The debris from this impact is then caught on the 
sabot trap. 
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Figure  1. M a terials Div is ion M e teoro id  S imula t ion  Facility. 

It was  not iced that wi th the or ig ina l  des ign  of 
the st r ipper p ins  s o m e ‘debr ls  was  get t ing th rough  the 
ho le  in  the sabot  t rap a n d  a lso impact ing  the target. 
A l though  in  most  cases’the debr is  d a m a g e  cou ld  b e  
separa ted  f rom the project i le d a m a g e , there  we re  
severa l  cases w h e r e  the results we re  a m b i g u o u s  
a n d  the test h a d  to b e  repeated .  To  avo id  this 
repet i t ion, a  short  research  effort was  l aunched  to 
try to unders tand  the physics of shock-wave focusing 
a n d  m o m e n tum transfer in  this type of hyperveloci ty  
impact.  T h e  paramete rs  ava i lab le  for s tudy ing 
changes  in  st r ipper des ign  we re  the debr is  pat tern 
o n  the sabot  t rap a n d  the physical  condi t ion of the 
project i le.  

This research  effort resul ted in  a  n e w  str ipper 
des ign  s h o w n  in  Figure.3.  It was  found  that the front 
face of the tungsten p in’s h a d  to b e  mach ined  with 

approx imate ly  a  1 5 - d e g r e e  ang le .  T o o  la rge  a n  
ang le  focussed the shock wave  to such  a  d e g r e e  that 
the project i le was  caught  a n d  d a m a g e d . T o o  smal l  
a n  ang le  m e a n t that there  was  not  suff icient rad ia l  
m o m e n tum transfer, a n d  s o m e  of the d e n s e  tungsten 
debr is  wou ld  g o  straight d o w n  r a n g e  th rough  the t rap 
a n d  impact  the target. It was  a lso found  that the 
lead ing  face of the sabot  h a d  to have  a  beve l  that 
m a tched that of the st r ipper pins. If the face of the 
sabot  is left flat, then  the impact  ang le  be tween  the 
p ins  a n d  the sabots  creates a  h igh  velocity jet of 
m a terial  that is forced inward  a n d  is suff icient to 
d a m a g e  the project i le o r  actual ly force it off axis so  
that it wil l  hit the e d g e  of the sabot  trap. 

T h e  ev idence  of the success of this n e w  des ign  
is that in  the last 1 2 6  shots there  has  not  b e e n  a  
s ing le  fa i lure because  of the st r ipper operat ion.  A  
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B A R R E L  D U M P  T A N K  X - R A Y  T A N K  T A R G E T  T A N K  
F L A S H  

X - R A Y  
P U L S E R  

D E T E C T O R  

S T R I P P E R  A S S E M B L Y  S A B O T  T R A P  X - R A Y  F ILM C A S S E T T E S  T A R G E T  
F igure  2. Schemat ic  d i ag ram of r a n g e  tank. 

neg l ig ib le  amoun t  o E  debr is  gets th rough  the t rap m e a n t that the penet ra t ion  th resho ld  for a n  u n k n o w n  
a n d  the project i le a lways impacts wi th in conf igurat ion cou ld  b e  ze roed  in  o n  rapid ly  a n d  
i. 2 7  c m  (0.5 in.) of the center  of the target. accurately.  

T h e  second  p rob lem a r e a  was  in  velocity 
predict ion.  It was  found  that the velocity of the 
project i le cou ld  not  bc  cont ro l led to a n  accuracy of 
bet ter  than  8  o r  1 0  pcrccnt. This is a  c o m m o n  p rob -  
k m  in  m a n y  facilit ies. T h e  s tnndnrd  solut ion is to 
take a  statistical distr ibut ion of veloci t ies to cover  
lhc rnngc  of intcrcst. It was  felt thal  there  cou ld  bc  
a  cons idcrab lc  sav ings in  monc,y  a n d  especia l ly  tim e  
in  n la l t ing pcnctrat ion th resho ld  dctcrrn inat ions if the 
velocity cou ld  b e  prcdictcd m o r e  accurately.  

P E N E T R A T IO N  T E S T S  

M D A  W a ll C o n figu ra tio n  

For  thcsc reasons,  a  p r o g r a m  was  inst i tuted to 
m e a s u r e  the var iab les in  the first s tage of the l ight 
gas  g u n  such  as  the b reech  pressure,  p rope l lan t  
bu rn ing  tim e , a n d  p is ton velocity. A fter ana lyz ing  
these measurements ,  severa l  changes  in  the load ing  
a n d  f i r ing p rocedures  we re  instituted. T h e  velocity 
uncer ta inty is n o w  d o w n  to t I percent ,  wh ich  is 
essent ia l ly the accuracy of ou r  velocity measu r i ng  
inst rumentat ion.  

T h e  M D A  wal l  conf igurat ion was  tested to 
de te rmine  its penet ra t ion  threshold.  ‘I’!lc bas ic  
conf igurat ion is shown  in  F igure  4. This specif ic 
conf igurat ion consists of a  0 .0508  cm (0 .020  in.) 
thick 2 0 1 4 - T 6  a l um inum b u m p e r  o n  the left, a  
5.08-cm (2.0- in.)  void,  a  2 .54  c m  (1.0 in.) thick 
sect ion of h igh  pe r fo rmance  mul t i layer  insulat ion,  a n d  
a  0 .106  cm (0 .077  in.) thick 2 0 1 4 - T 6  a l um inum back-  
u p  p la te  that s imulates the M D A  pressure  wall .  T h e  
mul t i layer  insulat ion consists of m a n y  layers of 0 .25  
mi l  doub ly  a lumin ized  Mylar  wi th red  po lyu re thane  
foam spacer  m a terial. 

A fter these two des ign  improvements  we re  insti- 
tuted, it was  felt that the facility was  ready  to beg in  
penet ra t ion  th resho ld  testing. T h e  facility was  ready  
to l aunch  project i les of cont ro l led mass  a n d  velocity 
wi th neg l ig ib le  debr is  o r  velocity uncertainty.  This 

This basic  conf igurat ion was  tested to de te rmine  
its penet ra t ion  th resho ld  as  a  funct ion of mass  a n d  
velocity. T h e  results a re  s h o w n  in  F igure  5  w h e r e  
the log  of the mass  is p lot ted versus the log  of the 
velocity. T h e  test points  w h e r e  n o  penet ra t ion  occur red  
a re  s h o w n  in  the f i l led circles, wh i le  penet ra t ion  

1 7  



R .  c .  R U F F  

S A B C T  T R A P  h \\\Y  

S T R I P P E R  P INS I\ \ \ \I 

P R O J E C T ILE 1  \ \ \ \I 

I N T E R F E R E N C E  

F igure  3. Schemat ic  d i ag ram of improved  sabot  str ipper.  

points  a re  s h o w n  with o p e n  circles. T h e  sol id l ine 
shows  the m a x i m u m  s lope  that the penet ra t ion  thresh-  
o ld  curve cou ld  have  over  this velocity range .  This 
is c o m p a r e d  to the d a s h e d  l ine wh ich  is the Fish curve 
[iI9 a  penet ra t ion  curve for a  s ing le  sheet  of a lumi -  
n u m . 

Compar i son  be tween  the two curves shows  that 
the exper imenta l  conf igurat ion is m u c h  m o r e  eff icient 
at de feat ing  h ighe r  velocity project i les than  is a  s ing le  
sheet  of a luminum.  A n o ther  way  of compar i son  wou ld  
b e  to ext rapola te  bo th  curves to m e teoro id  velocit ies. 
O n e  then  wou ld  f ind that the exper imenta l  curve g ives 
a  m u c h  bet ter  safety factor than  the Fish curve.  

‘P IN H O L D E R  

Unfor tunately,  wi thout  a n  exper imenta l  m e thod  of 
reach ing  at least 1 2  km/set, the ext rapolat ion of the 
exper imenta l  curve is present ly  unjust i f ied. There -  
fore, structural  des ign  eng inee rs  must  use  the Fish 
curve ext rapolat ion to calculate the penet ra t ion  
res is tance at m e teoro id  velocit ies. Us ing  this 
calculat ion,  it turns out  that the basic  conf igurat ion 
is equ iva lent  to approx imate ly  i. 2 7  cm  (0.5 in. )  of 
s ing le  sheet  a luminum.  

P e n e trat ion th resho ld  determinat ions we re  m a d e  
o n  severa l  conf igurat ions that we re  var iat ions of the 
basic  conf igurat ion.  T h e  results f rom two var iat ions 
a re  s h o w n  in  F igure  6. T h e  first var iat ion was  to 
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Figure  4. Target  conf igurat ion for M D A  wal l  
penet ra t ion  tests. 

o  P E N E T R A T t O N  

. N O  P E N E T R A T I O N  

- -BASIC  CONFIGUIL ,T ION 
“. 0 5 O H  cm IO. “2” in., A IJJMINUM B U M P E ” 
5. “” cm (2. 0  Ill.1 “O l D  
2. 4 4  cm Il.0 in. 1  M ”L.T,,AYEl, 
0. !!I0 cm  ,0 .077 lr,., AIAJMINII” B A C K U P  

L O G  V E L O C I T Y  (km/-a)  

Figure  5. Impac t  test o n  M D A  Ser ies  1. 

rep lace  the 0 .0508-cm (0.020- in. )  a l um inum b u m p e r  
with a n  equa l  mass  0 .08  i3 -cm (0.032- in.  )  m a g n e s i u m  
bumper .  These  results a re  the o p e n  penet ra t ion  
t r iangle a n d  the c losed,  no-penet ra t ion  t r iangles, 

These  points aga in  de l ineate  a  l ine of m a x i m u m  
slope.  This is the d a s h e d  l ine,sl ightly a b o v e  the 
sol id l ine wh ich  is the curve for the basic  penet ra t lon  
f rom F igure  5. Therefore ,  it is seen  that the 
m a g n e s i u m  b u m p e r  is m o r e  effective in  defeat ing  
a  hyperveloci ty  project i le than  a n  equa l  mass  but  
m o r e  d e n s e  a l um inum bumper .  

,The second  var iat ion s h o w n  in  F igure  6  is the 
remova l  of the insulat ion f rom the basic  conf igurat ion.  
A n o ther  d a s h e d  l ine show ing  the m a x i m u m  s lops is 
d r a w n  th rough  the squa re  da ta  points.  It can  b e  seen  
that wi thout  insulat ion the conf igurat ion is pene t ra ted  
by  a  project i le of hal f  the mass  of that wh ich  is n e e d e d  
to penet ra te  the basic  conf igurat ion with insulat ion.  
This curve,  therefore,  shows  the great  ef fect iveness 
a n  external  mul t i layer  insulat ion has  in  increas ing 
penet ra t ion  resistance. Also,  it shou ld  b e  no ted  
that the curve wi thout  insulat ion is essent ia l ly para l le l  
to that wi th insulat ion.  

Test results o n  o ther  var iat ions of the basic  
M D A  conf igurat ion a re  s h o w n  in  F igure  7. These  
tests we re  m a d e  o n  targets wi th 0 .635  cm (0 .250  in. )  
thick backup  p lates ins tead of the basic  0. 196 -cm 
(0.077- in.  )  plate.  This conf igurat ion is a lso  p l a n n e d  
for use  o n  specif ic par ts of the M D A . These  tests 
we re  a lso m a d e  with insulat ion (circles) a n d  wi thout  
insulat ion (squares) .  Tests o n  the targets wi th insu-  
lat ion p rov ided  a  penet ra t ion  th resho ld  point .  How-  
ever,  the four  da ta  points  we re  not  suff icient to p ro -  
v ide a  th resho ld  curve of m a x i m u m  slope.  T h e  da ta  
point  for targets wi thout  insulat ion d ld  g ive  a  
m a x i m u m  slope.  

T h e  results s h o w n  in  F igure  7  can  b e  ana lyzed  by  
compar i son  to the sol id l ine, wh ich  is the curve for the 
basic  conf igurat ion f rom F igure  5, a n d  to the Fish 
curve for s ing le  sheet.  Indicat ions a re  that for such  
thick backup  p lates the th resho ld  curves a re  m o r e  
near ly  para l le l  to the Fish curve.  This is reasonab le  
w h e n  it is no ted  that a  0 . 3 0 ~ g r a m  project i le is 
approx imate ly  0 .635  cm (0 .250  in. )  in  d iameter .  
Therefore ,  the b u m p e r  th ickness to project i le d iameter  
rat io is less than  I: 10.  This is m u c h  less than  the 
op t imum r a n g e  for eff icient project i le b reakup.  This 
m e a n s  that this conf igurat ion m a y  act very m u c h  l ike 
a  s ing le  sheet  s ince the b u m p e r  does  not  contr ibute 
m u c h  protect ion.  ‘m e  fur ther observat ion  is that the 

1 9  



. 

R. c. RUFF 

0.30( 

0.201 

0.15( 
h. 
9 
6 
ii 0. ioc 

8 0.80 
ba 

0.60 

0.40 

- BASIC CONFIGURATION 
A 0.0813 cm (0.032in.l MAGNESIUM BUMPER 
Cl NO INSULATION 7. 62 cm (3.0 in. ) VOID 

0.196 cm (0.077 in. ) ALUMINUM BACKUP 
2.54 cm (1.0 in. ) MULTILAYER 
5.08 cm (2.0 in. ) VOID 
0.0508 cm (0.020 in. ) ALUMINUM BUMPER 

i --------- A ------- 
------------ A 

A 

A 0 PENETRATION n 

A l NO PENETRATION 

6.0 6.2 6.4 6.6 
VELOCITY (km/set) 

6.8 7.0 7.2 

Figure 6. Basic MDA configuratfon compared both to magnesium bumper and 
to no insulation. 

addition of insulatlon to the configuration does not 
double the mass protection as it did at lower masses. 

As further evidence of the effectiveness of the 
multilayer’insulation, it is interesting to compare 
the damage mechanism in a target without the insu- 
lation to one with insulation. Figure 8 shows the 
damage on a baokup plate without insulation. The 
damage is a result of discrete particles coming off 
the bumper. Each partic!e is capable of cratering 
the backup plate, and where there is a sufficient 
density of particles, they actually knook holes through 
the backup plate. 

20 

Figure 9 shows a target in which insulation was 
used. Approximately the same projectile and bumper 
were used as in Figure 8; however, total damage 
comparisons should not be made because different 
backup plate thicknesses were used. In Figure 9 it 
can be seen that there is no longer any particulate 
type damage. What has happened is that the insulation 
completely vaporized the small particles that were 
formed by the bumper impact. Therefore, the damage 
with insulation is a result of a rapid, high pressure 
vapor pulse that deformed the plate beyond its elastic 
limit and actually ruptured the backup plate along 
radial lines. 
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F igure  7. Bas ic  M D A  conf igurat ion c o m p a r e d  to 0 .635-cm (0.250- in. )  backup.  

M D A  E lectr ical Cab le  Tunne l  

P e n e trat ion tests we re  a lso m a d e  o n  the M D A  
external  electr ical  cab le  tunnel .  As  the n a m e  impl ies,  
external  cab le  o n  the M D A  m a y  a lso n e e d  to b e  
protected against  m e teoro id  d a m a g e . Severa l  poss ib le  
protect ion conf igurat ions we re  tested, but  on ly  the 
d a m a g e  mechan i sm wil l  b e  p resen ted  here .  

F igure  1 0  shows  the test f ixture used  for these 
tests. T h e  target  consists of a  0 .102-cm(  0.040- in .  )  
a l um inum b u m p e r  that sh ie lds four  bund les  of 
electr ical  cable.  F igure  ii shows  the d a m a g e  that 
is d o n e  to the cab le  du r ing  a  s imula ted m e teoro id  

impact.  It can  b e  seen  that the debr is  f rom the 
b u m p e r  was  in  part iculate form, as  ev idenced  by  the 
specif ic crater ing o n  the backup  plate.  This part ic-  
u la te  m a tter a lso  impac ted  o n  the electr ical  cab le  
a n d  vapor ized  m u c h  of the electr ical  insulat ion.  How-  
ever,  there  was  very little actual  d a m a g e  to the cab les  
themselves.  Also,  after the impact  it was  seen  that 
n o n e  of the s t r ipped cab les  was  physical ly touching.  
A  poss ib le  reason  for this is that w h e n  the debr is  
impac ted  the wires, the gas  p ressure  gene ra ted  by  
the vapor izat ion of the electr ical  insulat ions was  
suff icient to force the cab les  apart .  

A l though  there  is n o  physical  contact  be tween  
cables,  there  a re  still t ransient  effects that n e e d  to 
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7 0 7 5 - I %  Pro ject  
0 .505  cm (0. 1 9 9  in. j Diameter  
0. 1 9 0 0  g r :1n1  
G . 5 5  k111/scc 

. 

F igure  8. E x a m p l e  of d a m a g e  w h e n  n o  insulat ion was  used.  

b e  cons idered.  T h e  ene rgy  in  any  hyperveloci ty  
impact,  such  as  that be tween  the b u m p e r  debr is  

M D A  P h o tograph ic  W indow B u m p e r  
a n d  the electr ical  insulat ion,  is of suff icient magn i tude  
to fo rm a n  electr ical ly conduct ive p lasma.  Therefore ,  P e n e trat ion tests we re  a lso m a d e  o n  the I& IDA 
du r ing  a n  impact,  even  wi thout  physical  contact,  pho tograph ic  w indow  b u m p e r  conf igurat ion.  This 
electr ical  arcs wil l  b e  poss ib le  be tween  any  conf igurat ion is s h o w n  in  F igure  12.  This conf ig-  
electr ical  cab les  with a  vo l tage di f ference. For  this ura t ion consists of a  0 .3  1 8  cm (0. 1 2 5  in. )  thick 
reason,  severa l  d o u b l e - b u m p e r  conf igurat ions we re  f iberglass laminate  b u m p e r  with 2 .54  cm ( I. 0  in. )  
tested but  wil l  not  b e  d iscussed here .  of the h igh  pe r fo rmance  mul t i layer  insulat ion b o n d e d  
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Figure 9. Example of damage when insulation was used. 

to the bumper. In this configuration the 
r OR-cm (2. O-in.) void is between the insulation 
ind t.hc ultraviolet grade glass of which only a small 
Section is visible. The position of insulation is 
obviously for the purpose of swinging both the bumper 
and insulation aside when photographic experiments 
are desired. 

The penetration tests were made with two 
goals in mind. First, it was desired to find the pene- 
tration threshold for the bumper and insulation Only. 
Secondly, it was desired to determine what damage 
is done to the window when penetration of the bumper 
and insulation does occur. The penetration tests Werf 
made at approximately 6.8 km/set , To find the 
threshold, the projectile mass was varied from 0.045 
gram down to 0,008 gram. Although the vapor 
pressure pulse from the impact of the 0.008~gram 
projectile on the bumper was sufficient to tear a 
small slit through all layers of the insulation, it 
was considered the approximate threshold mass 

because no particulate material reached the window 
to cause damage. 

Figure f3 shows the damage that was done to 
tie 1.27 cm (0.5 in.) thick window glass by a 
0.0~5-gram projectile at 6.5 km/set. The view 
on the left Shows the window before it was cleaned 
in any way. It can be seen that the window is very 
dark. It is covered with the fine powder produced 
by the pulverization of multilayer insulation by the 
bumper debris. This powder adheres quite well aS 
is evidenced by the view on the right which shows the 
same window after it has been wiped off with a dry 
paper towel. Some of the surface chipping that is 
caused by the particulate debris impact can be 
seen in Figure 13 also. It Should be emphasized that 
even with the larger 0.045~gram projectile, this 
chipping was strictly surface damage and no structural 
damage was evident. 

FQltre 14 is a, close-up view of the same glass 
target shown in Figure 13, This view was taken 
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Figure 10. Target configuration for MDA external electrical cable tunnel tests. 

after the glass had been cleaned with alcohol. It 
can be seen that all of the black powder has been 
removed. There are no smudges on the polished 
front surface to obscure the saw cut grain on the 
back surface. The small chips on the glass surface 
are also quite visible. Although hard to see in this 

view, the largest chip shows the conchoidal chip- 
out, which is the normal damage mechanism in a 
hypervelocity impact on glass. 

The results of these tests show that the window 
can be protected from meteoroid impact damage 
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Figure ii. Example of damage received by cable 
when protected only by bumper. 

from a structural standpoint. However, meteoroid 
damage of the magnitude tested will roughen the 
surface by chipping over a localized area so that the 
camera would have to be displaced to an undamaged 
part of the window. Even this would not help until 
the black pulverized powder is cleaned from the out- 
side of the window with a solvent. 

Low Density Multilayer Insulation 

Penetrations were also made on a series of 
multilayer insulation targets of varying density to 
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determine what effect density has on the efficiency 
of defebting a projectile. These targets were all 
tested with a 0.0 lo-gram aluminum projectile 
traveling at 6.1 km/sea. 

Figure 15 shows the most dense target that 
was tested. It consists of aluminum foil sheets 
spaced with a relatively high density adhesive-backed 
foam. The overall density was 512 kg/m’. It can 
be seen that the projectile penetrated approximately 
1.27 cm (0.5 in.) . Figure 16 shows approximately 
2.54 cm ( I. 0 in. ) of penetration into a medium 
density (224 kg/m’) target of aluminum foil and cork. 
Figure 17 shows a penetration of approximately 
5. p8 cm (2.0 in.) into a low density (72 kg/m’) target 
of aluminum foil and red polyurethane foam. The last 
target to be shown is in Figure 18. This is a very 
low density (32 kg/m’) multilayer target. It is 
composed of 0.25 mil doubly aluminized Mylar and 
red polyurethane foam spacers. It is the same 
material as that called the high performance multilayer 
insulation used in all the MDA configuration tests. 
This target was penetrated over 7.62 cm (3.0 in.) 

It may seem intuitively obvious that a projectile 
would penetrate deeper into less dense target material. 
However, the important conclusions derived from 
these tests are in the oalculations of the penetrated 
weight. That is, what weight target would be neces- 
sary to just stop a given projectile mass. This 
information is shown in Figure 19. The penetrated 
thickness is the black line with the scale on the left. 
The area1 density or the weight per unit area 
necessary to stop the projectile is the dashed line 
with the scale on the right. Both parameters are 
plotted versus actual density of material. Looking at 
the area1 density, it can be seen that the very low 
density (32 kg/m’) high performance multilayer 
insulation would need half the weight that the medium 
and high density materials would need to stop the same 
projectile. This then is further evidence of the 
great effectiveness of high performance multilayer 
insulation in meteoroid protection. 

CURRENT RESEARCH 

In addition to doing penetration research on basic 
structures, the current research in the Materials 
Division Meteoroid Simulation Facility is concerned 
with studying the reactions of complicated structures 
to a hypervelocity impact. One method being used 
is to photograph the target during impact with a 
sequence camera. The camera being used is a six 
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.1  

:  

Figure  G . W indow condi t ion immedia te ly  after test (left) a n d  after be ing  w ipe  
with dry  cloth (r ight). 
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Ill-5 

Figure 14. Window after cleaning with alcohol. 
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Figure  15.  Mul t i layers of a l um inum foil a n d  h igh  
densi ty  foam. 

f rame i m a g e  conver ter  camera  with a  f raming rate 
of u p  to 1 0 0  mi l l ion f rames pe r  second  a n d  exposu re  
tim e s  d o w n  to 5  nsec.  

F igure  2 0  shows  o n e  of the first ser ies of 
p ictures taken with this camera .  T h e  four  f rames 
we re  taken at 5 -psec  intervals. T h e  picture at the 
u p p e r  left shows  the project i le just coming  into v iew 
in  the gr id.  This gr id  was  for measu remen t  pu rposes  
a n d  was  pos i t ioned just to the front of a  bumper .  T h e  
second  f rame at the u p p e r  r ight shows  the project i le 
just hav ing  penet ra ted  the bumper .  T h e  expand ing  
c loud  of debr is  is a l ready  visible. T h e  third f rame 
at the lower  left c lear ly shows  the fo rward  t ravel ing 
debr is  p lus  the rea rward  t ravel ing spray  gene ra ted  
in  the b u m p e r  impact.  T h e  fourth f rame shows  that 
the debr is  is not  d i sappear ing  rapid ly  but  must,  in  
fact, b e  c o m p o s e d  of s o m e  relat ively s low debr is .  

S ince  the fo rego ing  pictures we re  taken, the 
opt ical  a r rangemen t  for the camera  has  b e e n  great ly  

improved.  F igure  2 1  shows  two v iews of a  b u m p e r  
p lus  backup  p la te  impact  wi th 3 0  psec  separa t ing  
the views. T h e  picture o n  the left shows  the target  
just after the projccti lc pene t ra ted  the bumpcr .  T h e  
gr id  is b e h i n d  the backup  p la te  in  this n r rangcment .  
T h o  debr is  c loud  is n l rondy  expand ing .  T h o  br ight  
l ight o n  the outs ide is bol icvcd to b o  the l ong  dura t ion  
par t  of the impact  f lash. T h o  v iew o n  tho r ight shows  
the react ion of the backup  plate.  T h e  f i lnmontary 
debr is  is spal l  f rom the back  of the backup  plate.  T h e  
tight nuc leus  of debr is  in  the center  is the smal l  p lug  
of m a terial  that was  p u n c h e d  out  of the backup  plate.  

T h e  opt ical  camera  is just o n e  inst rument  wi th 
wh ich  a  target  impact  can  b e  studied.  O ther  instru- 
m e n ts that wil l  b e  used  a re  pu lsed  x-rays, strain 
gages ,  a n d  accelerometers .  T h e  x-rays wil l  b e  used  
for s tudy ing the ins ide of debr is  c louds a n d  insulat ion.  
T h e  strain g a g e s  a n d  acce lerometers  wil l  b e  used  to 
m e a s u r e  the react ion rates of di f ferent structures. 
This is impor tant  because  the st rength of m a n y  
m a terials a re  strain rate dependen t .  It is h o p e d  that 
this type of in format ion wil l  m a k e  it m u c h  eas ier  for 
structural  des ign  eng inee rs  to des ign  m e teoro id  
protect ion for spacecraft .  

F igure  16.  Mul t i layers of a l um inum foil a n d  cork. 
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Figure  17.  Mul t i layers of a l um inum foil a n d  red  
po lyu re thane  foam. 

C O N C L U S IO N S  

T h e  penet ra t ion  th resho ld  for the basic  M D A  
conf igurat ion is 0. 1 9 0  g rams  at 5 .9  km/set. T h e  
th resho ld  curve for this conf igurat ion is m u c h  less 
project i le-veloci ty d e p e n d e n t  than  is the curve for 
a n  equ iva lent  s ing le  sheet.  T h e  in t roduct ion of a  
layer  of h igh  pe r fo rmance  mul t i layer  insulat ion into 
the M D A  conf igurat ion approx imate ly  doub les  its 
protect ive abil i ty relat ive to project i le mass.  

T h e  n e w  sabot  st r ipper des ign  has  b e e n  a  
great  benef i t  to the penet ra t ion  th resho ld  p rog rams  
by  reduc ing  a m b i g u o u s  test results to a  n8g l ig ib l8  
a m o u n t. T h e  improvements  in  l aunch  techn iques  
that a l low m o r e  accurate  velocity predic t ions have  
reduced  the n u m b e r  of tests n e e d e d  to ar r ive at val id 
penet ra t ion  th resho ld  data.  

F igure  18.  Mul t i layers of a lumin ized  Mylar  a n d  red  
po lyu re thane  foam. 

P h o tograph ic  a n d  strain rate mon i to r ing  instru- 
m e n tat ion can  b e  used  to p rov ide  in format ion o n  
target  react ion to impact.  W ith this informat ion,  
m o r e  effective m e teoro id  protect ion structures can  
b e  des igned.  

Tests o n  var ious densi t ies of mul t i layer  
insulat ions show  that the very low densi ty  0 .25  
mi l  doub ly  a lumin ized  Mylar  wi th red  po lyu re thane  
foam is approx imate ly  twice as  eff icient as  o ther  
m e d i u m  densi ty  mul t i layer  structures. 

T h e  mechan ica l  d a m a g e  d o n e  to electr ical  cab le  
protected by  a  s ing le  b u m p e r  is not  excessive.  
However ,  the t ransient  effects such  aselectr ical  
a rc ing  because  of the p lasma  gene ra ted  du r ing  
impact,  suggest  that a  bet ter  protect ion shou ld  b e  
found.  

R E F E , R E N C E  

I. Fish, R ichard  H  . ; a n d  Summers ,  James  L. : T h e  E ffect of M a terial  Proper t ies  o n  Thresho ld  
P e n e tration. P roceed ings  of the Seven th  Hyperveloci ty  Impac t  Sympos ium,  February  1965 .  
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Figure  19.  M tilt i layer target  densi ty  versus bo th  penet ra ted  th ickness a n d  a r e a 1  density.  

F igure  20.  B u m p e r  penet ra t ion  as  p h o t o g r a p h e d  by  a n  i m a g e  conver ter  sequence  camera .  
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Figure  2  1. S e q u e n tial v iews of a  comple te  penet ra t ion  of b u m p e r  a n d  backup  plate.  
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A continual effort has been made in hypervelocity 
research to obtain ever-increasing particle velocities 
for impact testing. Because of their high potential 
flow rate, hydrogen and helium’ gases have been used 
to drive test materials. Using these gases, velocities 
of some 12 km/set have been nchievcd,for light gas 
guns. 

As higher velocities were sought, plasmas were 
considered. Hydrogen, air, aluminum, and other 
plasmas have been accelerated to high velocities for 
various types of testing. Included in these tests were 
hypersonic flow, thermonuclear research, and 
hypervelocity impact studies. Such plasma velocities 
were obtained through conical theta- and Z-pinch 
guns, rail, and coaxial J XB guns. 

Marshall Space Flight Center first entered the 
area of plasma-type hypervelocity particle accel- 
erators through a contract to MB Associates of San 
Ramon, California. As a result of the initial and 
subsequent fundings a particle accelerator was 
developed that produced particle velocities of as much 
as 15 km/set from plasmas of 30 km/set. A system 
of this type was delivered and placed in operation at 
Marshall Space Flight Center during this year. 

Figures 1 and 2 show the range and instrumen- 
tation rack of the original system. Figure 3 shows 
the capacitor bank. This bank consists of four 
modules that may be triggered simultaneously through 
four spark gap switches. A total of 240 kJ is 
available. These capacitors are dumped into the 

gun, which consists of two parallel copper rails 
shunted by a piece of aluminum foil. The foil is 
instantly vaporized, and the resulting plasma is 
accelerated by Lorentz forces of the current discharge 
through the circuit discharge and through the circuit 
formed by the rails and plasma. Small glass beads 
suspended between the rails are drag-accelerated by 
the plasma to a substantial fraction of the plasma 
velocity . 

After several months of operation in this mode, 
several.improvements became evident. The parallel 
rails were replaced by a pair of coaxial cylinders as 
shown in Figure 4. Only a small fraction of the 
capacitor bank was used initially, with careful 
attention given to matching the bank to the gun 
configuration. Velocities were obtained with this 
configuration that were comparable to those produced 
by the original device using practically full power. 
By a careful matching procedure, the bank was 
gradually increased until plasma velocities exceeding 
200 km/set were measured. Even at these velocities, 
less than one-fourth the total available energy is 
being used. Figure 5 shows the range in its present 
configuration. Figure G is a photograph of the plasma 
emerging from the muzzle taken at an exposure of 
5 nsec with the B&W image converter camera. 

Having demonstrated our capability for producing 
extremely high plasma velocities, our research 
effort is now turning to better plasma diagnostics to 
determine plasma densities and temperatures, and 
to using this plasma to accelerate particles. 
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Figure  1. P l asma  r a n g e  show ing  f i r ing console.  

F igure  2. P l asma  r a n g e  f rom other  side. 
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Figure  3. 2 5 0  kJ capaci tor  bank.  

F igure  4. Coax ia l  g u n  present ly  in  use.  
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Figure 5. Plasma range with coaxial gun installed. 

Figure 6. Self-luminms plasma emerging from coaxial gun. 
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R. J. Naumann 

Despite the recent improvements in accelerator 
performance, the prospects for development of a 
device that can launch fragile, low density meteoroid- 
like material at 72 km/set are dim. Therefore, 
extrapolations of experimental data will probably be 
relied upon always. Such extrapolations are far 
more meaningful if they are based on theoretical 
results. 

Various computer techniques for treating the 
problem of hypervelocity impact are available. These 
have provided the theoretical basis for extrapolating 
to high velocities and have given a valuable insight 
into the processes involved in an impact. Bjork 
pioneered this effort in 1959 utilizing techniques 
developed by Landshoff and Harlow at Los Alamos. 
Since that time, various improvements have been 
made in equations of state and in putting more physics 
into the code. 

Basically, the code solves the inviscid hydro- 
dynamic equations in two dimensions. This requires 
the simultaneous solution of five nonlinear partial 
differential equations plus an equation of state in the 
presence of discontinuous boundary conditions. A 
set of mass plots for a particular case is shown in 
Figure I. 

Bjork’s earliest work had a disadvantage in the 
fact that the determination of where the crater would 
stop growing was based upon subjective judgement. ’ 
Later, under an MSFC contract, he improved this 
code to accommodate dissimilar materials and 
introduced a melting criterion to define crater depth. 
A series of runs was made of different material 
combinations at 20 km/set and at 72 km/set. 

In an attempt to avoid the large computer costs 
involved in the contract, Brown Engineering Com- 
pany as a support contractor was given the task of 
setting up this code for MSFC computers. A case 
was run for porous aluminum (p = 0.44 gm/cm’) 
impacting aluminum at 40 km/set. The dynamic 
pressure profiles at various times are shown in 
Figure 2. Also shown is the residual material 
strength, whichbecomes zero at the point where 
sufficient irreversible work has been done to cause 

melting. In accordance with Bjork, this was taken 
as the crater depth. The results are shown in 
Figure 3. The point complted by Young at Brown 

I A I MASS PO117 IONS 18) MASS POSITIONS ,C I MASS POSITIONS 
Ii 1Irr.c += ,.Pr*.r + I , ,$I ..c 

- -.. _ 

CASE 8056. ALUMINUM INTO IRON AT 13 KM SEC 

Figure 1. Computer studies of impact phenomena 
represent the material by a series of imaginary 
mass points. As the impact progresses, the mo- 
tion of these mass points indicates the material 
flow. The regions where the mass points clus- 
ter to form the darker areas are regions in which 
the material has been compressed by the strong 
shook waves generated by the impact. Such shock 
pressures can be as high as 100 million atmos- 
pheres (many times the pressure at the center 
of the earth) . Material behavior at such pres- 
sures can be determined from quantum me- 
chanical calculations and has been measured at 
more modest pressures (I to 2 million atmos- 
pheres) by controlled shock experiments. 
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Figure 2. Dynamic pressure profiles. 

Engineering Company agrees very favorably with 
extrapolations between Bjork’s ii km/set and 
72 km/set result. 

These types of codes do not take the strength of 
material into account in their solution, but as was 
seen in the preceding argument, the strength was 
entered in an after-the-fact fashion. Since the 
melting point was used to define the crater depth, 
such codes are automatically restricted to cases 
where strength is ignorable and where the crater 
depth is determined by melting. These restrictions 
precluded the check of such codes at available 
laboratory velocities. A strength code was developed 
by Bjork that predicted the crater depth of an 

aluminum - aluminum impact at 7.35 km/set. It 
closely agreed with such a crater produced in the 
laboratory. Another interesting result from this 
effort was the prediction of the shock pressure as 
a function of depth in the target. Figure 4 compares 
Bjork’s results with measured pressures obtained 
earlier by GMDRL. Note the discrepancy at lower 
pressures. This is because of the method used at 
GMDRL to measure the pressure. The technique 
used was the throw-off-pellet technique developed by 
Rinehart. In this technique, the pellet traps the 
momentum imparted as the compression wave engulfs 
it. By measuring the velocity with which the pellet 
flies off, the shock pressure can be computed. 
Figure 5 shows the reason for the discrepancy. 
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Figure 3. Penetration versus impact velocity. 

Characteristic of strength effects is the fact that the 
structure at lower pressures consists of an elastic 
precursor wave followed by the plastic wave. Appar- 
ently the pellet was trapping the elastic wave, thus 
flying off with a velocity that was too low. 

Another disadvantage of code work is the fact 
that the code results scale linearly with size, while 
actual craters do not. A slight tendency for smaller 
projectiles to crater less effectively has been 
observed in recent years. Considerable effort has 
been expended to determine the reason for this 
departure from size scaling. It was recently shown 

‘P \ 
‘b a. 

1. 1 
“.I 1.” 10.0 3”. 0 

Figure 4. Decay of the maximum value of czz at 

the axis with distance into the target. 

by Rosenblatt at Shock Hydro that strain rate effects 
could account for this phenomenon. Unfortunately, 
strain-rated data are not available for the strain 
rates involved in hypervelocity impact. When 
interpolating existing strain-rate data linearly, 
Rosenblatt obtained so much correction that the 
projectile actually bounced off the target. A 
logarithmic interpolation provided approximately the 
right correction, and Figure 6 shows a scaled large 
and small crater at two different times. The craters 
agree favorably with actual impact craters produced 
by particles of the sizes considered. 
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Figure 5. Two-wave shock structure approaching pellet at rear surface of target. 
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Figure 6. Comparison of crater and splash for different size profiles 
at scaled times of Uot/D = 3.6 and 10.8. 
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SHOCK PROPAGATION IN SOLIDS 
IN HYPERVELOCITY IMPACT 1 

BY 

Tsun-Sen Fu 

INTRODUCTION 

To protect a space vehicle against meteoroid 
hazards, it is necessary to understand the meteoroid 
impact phenomena and the penetration mechanism. 
The meteoric particles, in spite of usually being 
small in size, possess high kinetic energies because 
of their hypervelocity nature (ranging from 
ii km/set to 72 km/set) . The term “hypervelocity 
impact” is defined generally as the collision of two 
solid bodies with a relative velocity higher than the 
elastic wave propagation speed in the material under 
consideration. 

The impact mechanisms are governed by an 
extremely ‘complex system of nonlinear, partial 
differential equations with very complicated boundary 
conditions. Solving this problem analytically is a 
rather formidable task. Since 1958, several 
computer programs [i-6] have been developed that 
permit complete solutions through direct numerical 
analysis. A survey of this subject reveals that not 
only is a tremendous amount of computing time 
required for operating these computer programs, 
but large errors may develop because of the 
numerical,fluctuations inherent in such solutions. 
However, the numerical approach is still considered 
to be the principal approach to obtaining a complete 
solution of hypervelocity impact. 

In addition to the numerical solutions obtained 
by the computer programs, analytic solutions of 
hypervelocity impact have been obtained by many 
authors. An excellent review of such solutior:s has 
been given by Rae [ 71. So-called analytic treatments 
of hypervelocity impact usually refer to those 
approximate solutions that, even though less exact 
than the numerical methods, are easily obtained and, 
most important, still display the essential features 
of the problem. Evidently each approximate method 
is valid only in a certain regime, since solutions 
cannot be obtained in a rigorous manner by the avail- 
able analytic techniques without considerable 
simplifications. 

Blast wave theory [ 7,8] for instance, gives 
results in good agreement with direct numerical 
solutions at a late stage of impact. The blast wave 
solutions, however, are not applicable to the thin 
target plate since the thickness of the target is 
comparable to the projectile dimensions, and the 
point source assumption is no longer valid. The 
blast wave solution, however, does reveal the 
important fact that there exists a close analogy 
between the shock propagations from explosions and 
those from hypervelocity impacts. 

In the present study, a cylindrical projectile 
impacting on a target of infinite depth is considered. 
Immediately after impact, a plane shock is generated 
on the target surface; the shock arca is equal to the 
circular cross section of the incident cylinder. 
Attention is then centered on the shock profiles as 
time elapses. This initial shock condition is 
considered to be equivalent to a surface explosion of 
finite area on the target surface. In fact, the 
surface shock equivalence has also been used by 
Zeldovich 191, among other Soviet scientists, as 
the idealized model that describes the initial stage 
of impacts. He did not, however, actually calculate 
the shock trajectories as functions of time. 

The formulations of the shock profiles in the 
present study are based on a shock dynamic theory 
[ 10 and ii] in fluid mechanics. The two-dimensional 
method of characteristics is employed to calculate 
the successive positions of shock waves as a function 
of time. The equations of state for metals are used 
in the formulation, and the shock interaction with the 
free boundary is also considered. 

The shortcoming of this theoretical model is 
that no information on the fluid is given behind the 
shock wave, except the flow properties deduced from 
Hugoniot relations. Because that shook wave develops 
in a semispherical shape in a short time after 
impact, quasi-similar solutions of blast wave theory 
[ 121 are used to approximate the fluid functions in 
the region behind the shock wave. 



,+Tho ohJo& of thl’w study Is to calculate the ehook 
profllos romlting from hyporvoloolty lmpnot nnd to 
use those results In.predictlng tho Impact phonomona 
such as crater formatlon nnd spnllatlon frnoturos. 
The appliaations of shock propagations in solld 
m&lin will be roportud later. 

’ A numerical example is given in this report 
and compared with the existing results of other 
&v?stigations. The agreement in general is good. 

The author wishes to express his appreciation 
to kr. Carl Young for his discussions of the problem 
and to Dr. G. R. Guinn for his guidance and 
encouragement during the course of this work. 

THEORETICAL MODEL OF IMPACT-GENERATED 
SHOCK PROPAGATION IN SOLID MEDIA 

The physical phenomena of a projectile impacting 
on a target are illustrated schematically in Figure I, 
in which a cylindrical projectile traveling at a 
velocity u. is assumed to strike a semi-infinite 

tsrget. Immediately after the impact (Fig. la) there 
are two strong shock waves moving in opposite 

.di’rsctlons: one travels forward into the target and 
the other backward into the projectile. The pressure 
is so high in the material through which the shock has 
passed that the material strength is negligible 
compared with the shock pressure. Therefore the 
material behind the shock waves is considered to 
behave essentially as an inviscid, compressible 
fluid. As the shock wave advanced further into the 
target material, the plane portion of the shock wave 
is &%dually consumed by the rarefaction waves from 
the corners (Fig. lb),. The shock front is distorted 
and attemated in strength and eventually approaches 
the shape of a hemisphere. 

For extended elapsed time after impact, the 
c3ater is formed in the target while the isolated shock 
W&e continues to propagate into the target. Further 
advancement into the semi-infinite target will cause 
the shock wave to degenerate into the plastic waves 
and then into the elastic wave. 

Because of the shock geometries, the problem 
resembles a moving shock configuration of unsteady, 
supersonic flow. Illustrated in Figure 2 is a normal 
shock moving along a channel whose wall suddenly 
enlarged at a certain section. As a result of the 

/ 
RAREFACTICN ~SHOCK HAVE 
WAVES 

(a) Brlcf Elapsed The After Impact 

(b) Intermediate Elapsed Time After Impact 

Figure 1. General features of the hypervelocity 
impact mechanism. 

SHOCK NAVE 

Figure 2. Moving shock f&t in a suddenly 
enlarged channel. 

enlargement, the shock wave changes its shape as 
it propagates into an enlarged area with a diminishing 
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of the plane shock by the rarefaction wave issuing 
from the corner of the wall. The mathematical 
formulation of this problem will be given in the 
next h~o sections. 

Figure la also Illustrates the manner in which 
the mntcrial particles arc splashed upward from the 
fret boundary of the target, and the interaction of 
the shock waves with the target surface. The inter- 
action between shock waves and the free surface 
should be considered as the boundary condition in 
the calculation of shock profiles. (See page 50. ) 

FORMULATION OF THE CHARACTER I STI C 
EQUATIONS 

The mathematical formulation of the shock 
profile relationships is based on a shock dynamics 
theory suggested by Whitham [ 131 for an originally 
plane shock with a corner. The two-dimensional 
computational scheme is essentially the same as 
that of Skews [ 101, while the formulation of the 
axisymmetric case follows a recent paper of Hayes 
[ ii]. It should be noted that the formulations of this 
section only apply to a region away from the free 
surface of the target. In the neighborhood of the 
free surface, shock waves and free surface inter- 
action are considered separately and are presented 
in a later section. 

Two-Dimensional Case 

In Figure 3, an orthogonal coordinate system 
(p, t) is constructed to describe the motion of shock 
waves, where t corresponds to the successive 
instants of shock wave history and p is called a 
ray to describe a specific portion of the shock wave 
in the course of traveling. The basic assumption is 
that each small portion of the shock, which is 
bounded by a ray tube, may be treated independently 
as one-dimensional flow and obeys the shock 
propagation law. The shock propagation law is a 
relation between the ray tube area A and the shock 
velocity U 

A=A(U) , ( 1) 

which will be derived in a later section. 

In the physical plane (Fig 4), the arc lengths 
E and PS are defined as 

TSUN-SEN FU 

:~CIJ;SSlVE 

POSITIONS 
t CONSTANT 

ccc----- --- a-- 

RAY TUBE 

Figure 3. Ray tube coordinates system. 

Figure 4. Geometric relation of equations (2) and 
(3) for the two-dimensional case. 

E = Udt 

i% = Adp . 

Let O(p, t) be the angle between the ray and a 
fixed direction. Then the change of 0 from P to S 
is 
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‘(2. u) 

(2.b) 

(3) 

Notice that the derivations above are obtained 
for purely geometrical reasons. A combination of 
equations (2) and (3) indicates the kinematic relation 
between U and A 

LL(+ $+$(L?E)=o. (4) 

When equation ( I) is combined with equation 
(4). the shock positions are determined for all 
times. The kinematic relations may be written in 
terms of U as follows: 

au A’(U) au o 
---*Bt= aa U (5) 

a I du 7 dt + A(U) * p = 0 (6) 

or equivalently, 

where A’(U) = 9 , 
.A. 

The above equations are analogous to the equa- 
ttohs of nonlinear sound waves or two-dimensional 
&toady. supersonic flows; hence the existing theories 
of compressible fluid flows on these topics can be 
equivalently applied to the present problems. . 

By the theory of characteristics, equations (5) 
and (6) yield 

($*&)(u* ,q= 0 ’ t8) 

where C is the equivalent sound speed ns follows: 

1 
4 

( 1)) 

characteristics C 
+ 

equation (8) gives 

c+ ; e + w(U) 

c- ; e + w(U) 

and 

w(U) = J Fc 

J 

the Rloninnn invariants of 

and C-, respectively. Then 

=P+onz =C , ( 10) 

= I on 2 = -C , (11) 

( 12) 

Let m(cr, 6) be the angle between a characteristic 
and a ray (Fig. 5) . The characteristic lines have 
the direction 

2x = tan (U I-m) (13) 

on the physical plane. The positive sign in 
equation ( 13) corresponds tc left-running character- 
istics, and the negative sign corresponds to 

e 

Y 
m  

Ll--.L 
m  

2 RAY 

SHOCK 

Figure 5. Mach angle in physical plane. 
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r igh t - runn ing charactorlst lcs; m  is equlva lcnt  to 
tho M w h  nnKl .c  In two-d lmcns lona l  stcndy f lows. 

V ihwr I’c! (; shows  that tho Incrcmont  T Q  n long  a  
l& - runn ing  ohaructcr lst lc can  b o  ro la tod to dt a n d  
d/l In the (/I, t )  p l ane  as  Col lows:  

dx  ;; II dt cos (0  +  m)/ (cos m)  

dy  =  U  dt s in (0  +  m)/ (cos m)  

o r  (  14 )  

dx  =  Adpcos  (O+m) / (s inm)  

dy  =  A  d p  sin ( O +  m)/(s in m)  

tan m  =  -$  . dt %  - A C  
-7  * (  15 )  

S imi lar  re lat ions can  b e  found  for r igh t - runn ing 
character ist ics by  s imply chang ing  0  +  m  tc 
0  - m  in  equa t ion  ( 14 )  . 

F igure  7  shows  that a  p l ane  shock,  start ing at 
the e d g e  of a  sol id m e d i u m  enters  a  s u d d e n  en la rge -  
m e n t a r e a  at tim e  t =  0. For  t >  0, there  a re  two 
centra l  fans emi t ted f rom the corners,  wh ich  cause  
the shock front to expand .  T h e  no rma l  shock 
por t ion is therefore d imin ish ing  in  the course  of tim e . 
B e fore tim e  t, (de f ined in  Fig. 7),  the physical  

p ic ture is a  s imple  wave  pattern.  There fo re  U, 0, 

a  

dy  

Y  L  x 

Figure  6. Rela t ion of (x, y) p l ane  a n d  (p, t )  p lane.  

N O R M A L  
S H O C K  A T  
I=0  

i, 
‘r 

I 
S H O C K  F R O N T S  

C H A R A C T E R I S T I C  N E T  

“P R A N O T L - M E Y E R ” F A N  
- ( S I M P L E  W A V E  R E G I O N )  

Figure  7. Sketch  of shock p ropaga t ion  in  sol id 
m e d i u m  ( tc is the tim e  w h e n  the first character ist ic 

l ine reaches  the shock center l ine,  x-axis, ; the 
no rma l  shock por t ion van ishes complete ly  

for t 2  tc )  . 

a n d  m  a re  invar iants a l ong  a  character ist ic l ine. 
Direct in tegrat ion of equa t ion  ( 14 )  y ie lds 

x/t =  U  co6  (0  +  m)/cos m  +  xo/t , 

y/t=  Us in(U+m)/cosm+yo/ t  , 
(  16 )  

x/p =  A  cos ( O +  m)/s in m  +  xo/p , 

y/p =  A  sin (0  +  m)/cos m  +  yo/~  , 

w h e r e  (x o, y,) is the init ial point .  Simi lar ly,  

chang ing  m  tc -m  in  equa t ion  (16)  g ives the 
in tegrated equa t ion  for r igh t - runn ing characterist ics. 

W h e n  t >  t,, the s imple  wave  theory  ceases  to 

app ly  a n d  the shock prof i les can  b e  pred ic ted on ly  by  
construct ing the character ist ic nets, in  the s a m e  
m a n n e r  as  a  two-d imens iona l  nozz le  f low field. 

T h e  s imple  wave  solut ion of two-d imens iona l  
cases is on ly  hypothet ical ,  s ince the shock waves  
gene ra ted  by  the project i le of f inite d imens ions  a re  

4 5  
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th ree-d imens iona l  f lows. T h e  s lmplest  case  for ! 
th ree;d imens iona l  f low is the case  of axisymmetry.  

In the next  subsect ion,  s imi lar  t reatment  shal l  
b e  g iven’ for ax isymmetr ic  impact  p rob lems.  A  
finite d i f ference numer ica l  scheme  is adop ted  ’ 
because  of the nonex is tence of s imple  wave  solut ions. 
To  d o  so, a  start ing l ine shou ld  b e  chosen  to construct  
the net  of character ist ic l ines. * T h e  solut ions o n  the 
start ing l ine a re  the s imple  wave  solut ions descr ibed  
in  this subsect ion.  

A xisym m e tric Cases  

As  m e n t ioned previously,  the character ist ic 
equa t ions  for ax isymmetr ic  shock p ropaga t ion  can  
b e  fo rmula ted simi lar  to two-d imens iona l  cases,  
except  that the basic  coord ina te  system (p, t) must  
b e  redef ined.  

To  construct  the axisymmetr ic  solut ions, the 
basic  coord ina te  system (p, t) is de f ined  such  that 
the d is tance a long  a  ray be tween  the shock posi t ions 
g iven  by  t a n d  t +  dt is U  dt, a n d  such  that 
A  dp/r  is the d is tance be tween  the ray p  a n d  
p  +  dp;  r  is the d is tance f rom the axis of symmetry  
a n d  U  is the shock velocity (Fig. 8 )  . 

A X IS  O F  S Y M M E T R Y  --  -/r- 

\ 
\ 

Figure  8. Bas ic  coord ina te  system of 
axisynimetr ic case.  

Let  0(/3, t) b o  the nng lo  be tween  the ray a n d  the 
axis of symmetry.  T h e  c h a n g e  of 0 ’ f rom P  to S  
(Fig. 9 )  is 

6 ,=v=‘- U  $ $  6 P  

o r  

a e  i 8 A  A  
.ap - eat  + - p  * s i ne=0  , (  17 )  

w h e r e  the re lat ion (U  at)/ 8 r  =  s in 0  is used  a n d  
e  =  0  at the axis of symmetry.  

F igure  9. G e o m e tric re lat ion for 
ax isymmetr ic  cases.  

A  simi lar  t reatment  for the c h a n g e  of U  f rom 
P  to Q  g ives 

Let  6 1  =  A o p /r b e  the d is tance be tween  the rays 
/3 a n d  p  +  6#.  E q u a t ions (17)  a n d  (18)  then  b e c o m e  

a e  i a A  sin e  
Z-T 

. -+-=( )  
uat  r  

, -  . 
1. in  steaay, ax isymmetr ic  superson ic  f low calculat ions at the exit of a  nozzle,  the Prand t l -Meyer  

expans ion  fan, wh ich  is a  s imple  wave  solut ion, is used  to p rov ide  such  a  start ing l ine 1141 .  

(19)  
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and 

au 
Uift 

+AL=o 
u a1 ( 20) 

Assume that the shock propagation law, i. 8.. 
the shock speed and area relation, is expressed in 
the form (see page 54). 

dA -= 
A 

Equation ( 19), then, can be rewritten as 

a0 
TQ +$!z* 

au 
in-at 

+ sine - o 
r 

Applying the theory of characteristics in 
equations (20) and (21) yields 

dU r*: - 
NJ 

*de+ /.l +J,-+o 

along 

dP ck: - = Udt *p ’ 

(21) 

(22) 

(23) 

where r-t is the compatibility equation of the 
physical characteristics Ct. 

For a given initial shock shape, the shock 
shape at later time can be obtained by constructing 
a finite difference net in the same manner as that 
of a steady supersonic jet downstream of the nozzle 
exit section. 

Two boundary conditions are imposed. One In Reference 16, McQueen et al. use a linear 
is simply that equation, 

0=0 on r=O . 

The other condition is on the free boundary where 
the shock wave interacts the free boundary. The 
interaction will be described in a later section. 

HUGONIOT RELATIONS OF SHOCK WAVES IN 
SOLID MEDIA 

When a shock wave moves into a stationary 
medium, the flow variables across a shock are 
governed by the following laws: 

TSUN-SEN FU 

0 Conservation of mass 

pou = p (U-u) 

0 Conservation of momentum. 

P-Do = PoUu 

@ Conservation of energy 

(24) 

(25) 

e - e. = + (po+ p)( + - ;), (26) 

where U, u, P, P, and e are the shock velocity, 
fluid velocity, density, pressure, and the specific 
internal energy of the fluid, respectively. ,The 
subscript o refers to the undisturbed (or Stationary) 
region. 

One more relation is needed to solve the flow 
across a shock; that is, the state equation of the 
material 

e=f(p,p) . (27) 

Recently, many studies have been conducted [ 15-171 
on the state equation of solid material. So far, no 
simple and general equation has been formulated. 
For the sake of convenience, an equation, which 
relates the shock velocity and the particle velocity 
u, is used in this work. In general, there are two 
forms; one applies to so called c, s material and the 
other applies to aluminum. 

c. s Materials 

TJ=c+sxpu , (28) 

which relates the velocities U and u for most 
metals. c is dilatational wave speed and p is a 
constant that is tabulated for 16 materials in their 
paper. The materials that obey equation (28) are 
classified as c, s materials. 

Substituting equation (28) into equations (24), 
(25), and (26)) the following flow variables are 
obtained: 

u = (U-c)/s , (29) 
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su  
P =  (s - i )U+c * ’ 

a n d  

p Y y  P O  . 

(30)  

(31)  

T h e  s lope  of the Rank ine- l lugon io t  curve in  the 
(P,  p )  p l ane  is g iven  by  

c2c-H c2  =  7  (2  Ms  - 1 )  [(s -  1 )  M s +  1 1 2  , 

(32 )  

w h e r e  Ms  =  U/c is the shock M a c h  number .  

C  c-1, differs sl ightly f rom the ad iabat ic  s o u n d  s p e e d  

as  M  
S  

nears  1, but  apprec iab le  d iscrepancy is 

found  for la rge  shock M a c h  numbers .  

T h e  ad iabat ic  s o u n d  speed,  a  =  (ap/ap)s,  
shou ld  b e  der ived  by  a n  isentropic p rocess that 

2  4  6  

requ i res  the explicit  fo rm of the state equat ion ,  
equa t ion  (27) .  B u t for c, s m a terial, the ad iabat ic  
s o u n d  speed,  a, can  b e  ob ta ined  approx imate ly  in  
terms of the m a terial  constants c a n d  s. T h e  
resul tant  express ion  Is 

C 2  

a 2 = .y k3s-I)  (s-i) M S 2  - 2  (s2 - 3 s +  1 )  M S  

- (2s - q  . (33 )  

A  deta i led  der ivat ion is g iven  in  the append ix ,  
a n d  a  compar i son  of a  a n d  c R -11  is m a d e  in  

F igure  10.  

It is of interest to po int  out  that the c, s m a terial  
is very s imi lar  to a n  idea l  gas.  T h e  r a n g e  of s 
var ies f rom 1.2 to 1 .9  for most  m e tals, wh ich  is 
ana logous  to the specif ic hea t  rat io of gases.  It 
shou ld  b e  stressed, however ,  that the c, s re lat ion is 
on ly  a n  empi r ica l  equat ion .  Its accuracy for the 
shock pressure,  g rea ter  than  2  m b , is h igh ly  
quest ionab le .  

a  

Figure  10.  T h e  rat io of ad iabat ic  s o u n d  s p e e d  a n d  the s lope  of Rank ine -Hugon io t  
shock M a c h  n u m b e r  of c, s m a terial. 

1 4  1 6  1 8  2 0  2 2  

curve as  a  funct ion of 
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Aluminum 

ALU mlnum Is one of the oxccpttonal metals that 
do not follow the llnc:ir shtak rclatlon of cquatlon 
(28) . Instcnd, thu shock rolntion for aluminum is 
cxprcssod in a quadratic form as 

U .= ni+a2u+a:,U2 . (34) 

In addition, the adiabatic sound speed a is also 
a quadratic function of u; that ,is, 

a = b1 + b2 u + b3 u2 . (35) 

For simplicity, the coefficients ai and bi used 

in this study are obtained by fitting them into the 
table of Chou et al. [ 181 (Table I). 

TABLE I. SHOCK AND ADIABATIC SOUND SPEED 
CONSTANTS FOR ALUMINUM 

1.237 1.503 

-0.001 

6.883 

0.9849 

-0.0084 

u > 5.0 (mm/jsec) 

5.278 

-0.0271 

5.101 

.518 

-0.048 

Chou’s table was established by using the 
Tillotsen ewation [ 141 (for p > I mb) and the 
experimental data of the Los Alamos Laboratory 
[ 161 (for p 5 I mb) . 

Again, equation (34) , combining equations (24) , 
(25) , and (26)) provides the shock relations needed 
in the next section. 

SHOCK PROPAGATION LAWS 

As mentioned previously, a shock velocity and 
area relation (equation 1) or shock propagation law, 
is needed for completing the characteristic 
solutions. Equation ( 1) is derived in this section. 

TSUN-SEN F U  

Consider a shock wave moving in a channel with 
varying cross-sectional area. The shock strength 
will attenuate if the channel area increases down- 
stream; and convcrscly, tho shock wave will bo 
tltrongthoncd if tho channel aroa convorgcs. This 
phenomenon Is wall-known In blnst wuvo theory. 
Even if the fluid Is nssumcd frlctlonless. the shock 
front velocity dccrcascs very quickly and appronchos 
the velocity of sound at a large distance from the 
source of explosion. The cniargcment of the shock 
fro+ area results in attenuation of the shock strength, 
or in the e+ivalent, a reduction of shock velocity. 
The shock propagation law relates the change of the 
shoLk velocity to the change of the channel area. 

The shock propagation law was first obtained 
by Chester [ 191 and Chisnell [20] .from a linearized 
approximation of one-dimensional compressible 
flows. Their results were later rederived by 
Whitham [ 2 I] who applied a simple rule in the non- 
steady, one-dimensional flow theory. Their result 
is sometimes called CCW Approximation. In this 
section a shock propagation law is formulated for 
solid media. 

Whitman’s rule can be stated as follows: the 
flow quantities along a characteristic line must be 
equal to the flow quantities just behind the shock 
wave. With this rule and the Hugoniot relation, a 
differential relation is obtained that describes the 
motion of a shock wave down a nonuniform arca 
channel. In hypervelocity impact problems, a 
plane shock is gencratcd initially at the interface 
between the projectile and the target, and the shock 
front area suddenly enlarges while it propagates into 
the target. Then the shock propagation law is applied 
under the assumption that the whole flow field is 
composed of a number of one-dimensional rays 
(see page 43), each one independently obeying this 
law. 

For one-dimensional, unsteady flow in a 
variable area channel, the governing equations of 
the fluid flow may be written in the following form: 

32 
at 

=I), (36) 

au au a2 .*=. 
-+.,,+T- 6x at 9 (37) 

and 

e+u s P 
( 

32 32 
at ax - --$ at + u ax = 0 . (38) 

> 
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App ly ing  the theory  of character ist ics to 
equa t ions  (36)  a n d  (37)  y ie lds 

r 
k’ 

dp*f  d u +  A( ;U+a)  d A = o  (39)  

C  
dx  

-I’ z=Ufa  ’ 

w h e r e  F +  deno tes  hodog raph i c  character ist ics a n d  

C* deno tes  physical  characterist ics. 

To  app ly  Wh i t ham’s rule,  the f low quant l t ies o n  
the ou tgo ing  character ist ics C +  a re  m a tched with 

the f low quant i t ies b e h i n d  the shock wave.  T h e  
appropr ia te  b ranch  in  equa t ion  (39)  is 

z!& ? + a .i!e + d u + d u + d A = o  
p u p u a A  ’ (40)  

T h e  terms p, a, a n d  u  a re  funct ions of 
shock velocity U  a n d  the m a terial  characterist ics. 
E q u a t ion (40)  can  thus b e  integrated,  a n d  the 
in tegrated equa t ion  represents  the shock p ropaga t ion  
law. 

For  c, s m a terial, eqa t ion  ( 40 )  b e c o m e s  

d A  - =  dv  
A  -S (MJ  u  . 

w h e r e  Ms  =  U/c a n d  

I 1  Ms  
T =  [i+(s- i )Ms] -I----- Ms -1  

(41)  

([(s -1)  M s +  I] [ (3s  - i) Ms  - (2s -1)  I}’ 

+  
([(s- i)Ms+i] [(3s-i)Ms-(2s-I) ])’ 

(Ms-I)  [i+(s- i )Ms] ’ 
(42)  

For  the case  of s t rong shock,  M  =  U  s/c - m , 
equa t ion  (42)  reduces  to 

~  2  =  [ (s-1)(3s- i )+ 

- 
Q o  

i+  [(s-i) (3s-  i ) l& 
(43)  

For  a luminum,  the funct ion p 2  of equa t ion  (4  I) is 

,3q _  i‘+  1  

U  u -u  (U-u)  (a ,+2asu)  

+  L  
a  ( a 2 +  2 a 3  u )  ’ (44)  

w h e r e  a  a n d  u  arc  funct ions of U, as  s h o w n  in  
equa t ions  (34)  a n d  (35)  of the p rev ious  sect ion. 

In tegrat ion of equa t ion  (40)  yields, K  be ing  
a n  integrat ion,  

A (U)  =  Kexp-J  $  $  

wh ich  is equa t ion  ( 1 )  o n  p a g e  43.  

Not ice that the in tegrat ion in  equa t ion  (45)  can  b e  
car r ied out  explicit ly th rough  a  ted ious p rocedure .  
In actual  computat ions,  p  is used  ins tead of A (U)  . 
T h e  computa t iona l  p rocedures  wil l  b e  d iscussed in  a  
later sect ion. 

S H O C K W A V E  I N T E R A C T IO N  W ITH 
F R E E  B O U N D A R Y  

As  stated previously,  in format ion abou t  shock-  
f ree sur face interact ion is n e e d e d  to specify the 
b o u n d a r y  condi t ion in  construct ing the character ist ic 
solut ions. F igure  i ia shows  a n  expans ion  fan b e h i n d  
the shock,  th rough  wh ich  the p ressure  d rops  f rom 
the va lue  immedia te ly  b e h i n d  the shock wave  to ze ro  
at the tail of the fan. T h e  physical  p ic ture is ana logous  
to Prand t l -Meyer  expans ion  a r o u n d  a  convex  corner  
except  that the expans ion  fan is th ree-d imens iona l  a n d  
uns teady  in  nature.  T h e  shock front wou ld  a t tenuate 
a n d  is d istor ted by  the rarefact ion waves.  

A  simpl i f ied m o d e l  has  b e e n  p r o p o s e d  by  
Russ ian  scientists [22] to est imate the shock 
incl inat ion. Recent ly,  R a e  [ 7 1  app l ied  it to the 
impac t -genera ted  shock p ropagat ion ,  but  h e  chose  
idea l  gases  in  the formulat ion.  In the present  study, 
R a e ’s formulat ion is genera l i zed  to sol id med ia .  

F rom F igure  lib, if the shock incl inat ion p  is 
g rea ter  than  a  cer ta in va lue  ptc, ca l led the crit ical 
ang le ,  the rarefact ion waves  cannot  reach  the shock 
front. Therefore ,  if the or ig ina l  shock incl inat ion 
P  > P O , the shock m o t ion a long  the f ree sur face wil l  

5 0  1 3  



T S I J N - S E N  F U  

W O C K  I R O N T  

(a)  E X P A N S I O N  Ilt l i lNO T M  S H O C K  F R O N T  

S I IOCK I R O N T  
A T  t 

(b)  CR lT lCAC P N C L E  B ’ 

Figure  i 1. Shock  wave  a n d  E rce  sur face interact ion. 

not  b e  af fected by  the f ree sur face interact ion. 
Convcrscly,  if fl >  p ’:‘, p  wil l  c h a n g e  cont inuously  
a n d  eventual ly  app roaches  p q < . T h e  shock wil l  
r ema in  undis tor ted af terward.  

T h e  transi t ion p h e n o m e n o n  (p’p*)  is ra ther  
comp lex  in  m a themat ical  analysis,  because  a n  
uns teady  a n d  three-d i tncnsional  f low p rob lem is 
involved.  In this work,  it is a s s u m e d  that the 
t ransi t ion pe r iod  is so  short  in  the deve lopmen t  of 
shock  prof i les that it can  bc  neglected.  T h e n  
/1 =  p a  wil l  p rov ide  the b o u n d a r y  condi t ion at the 
f ree surface. /3’:<  d e p e n d s  o n  the local  shock st rength 
a n d  is der ived  be low.  

Refer r ing  to F igure  lib, the cos ine  law g ives 

o r  

a 2  =  u 2  +  U 2  /cos2 p*  - 2 u U  

a n d  p * 2  C O Y  -1  :I2 2 1 1  l +  i7  -yyyj2  (46)  

E q u a t ion ( 4G)  indicates the crit ical shock 
incl inat ion ang le  p + , as  a  h lnct ion of U, u, a n d  a. 
S ince  a  a n d  u  can  b e  expressed  in  terms of 
u, p*  actual ly d e p e n d s  o n  shock velocity U  only.  

C O & S T R U C T l O N  O F  N U M E R ICAL S O L U T IO N S  
F O R  S H O C K  W A V E  P R O P A G A T IO N S  

Init ial  No rma l  S h o c k  W a v e s  

W h e n  a  project i le impacts o n  a  largct wi th 
rclativc velocity V , two norn in l  shock wnvcs :I rc 
gene ra ted  at the intcrfacc a n d  m o v e  in  oppos i lc  
direct ions with respect  to the inter face (Fig. i2:1). 
T h e  no rma l  shock solut ions can  b e  ob ta ined  easi ly  by  
app ly ing  equat ions  (24) ,  (26) .  a n d  (28)  o r  (34)  . 

For  s imi lar  m a terial  hyperveloci ty  impacts,  the 
part ic le velocity equa ls  one-ha l f  the impact  velocity 
(Fig. i2b),  

u g  =  u 2  =v/2  . (47 )  

E q u a t ion (47)  is der ived  by  tak ing a  velocity 
t ransformat ion.  If the project i le a n d  the target  m o v e  
in  oppos i te  d i rect ions with the s a m e  s p e e d  V /2, 
the f luid part ic les b e h i n d  the shock waves  shou ld  bc  
m o tionless, because  of symtnctr,y. wi th rcspcct to 
the laboratory  coord ina te  system. 

For  nons imi la r  m a terial  impacts,  a  contact 
discont inui ty inter face exists. T h e  p ressure  a n d  
velocity funct ions a re  a s s u m e d  cont inuous,  however ,  
across the interface; p 3  =  pz  a n d  IQ  =  up.  F rom 
equa t ion  (2b)  

P z  =  P o U 2  u o  (48)  

a n d  

m  =  p i  (V-u, )  (V-U, )  

5 1  
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TARGET 
SHOCK 

TARGET 

(a) NORMAL SHOCKS GENERATED IMMEDIATELY AFTER IMPACT 

PROJECTILE 
" 1" 

Ul 
- 

u, =  v 
P, =  0  

01 

I 
U) q u,  

P, =  P, 

(b) NORtttL SHOCK MECHANISM 

t 

TARGET 

"0" 

Ull 

"g =  0  
P. =  0  

Figure 12. Impact-generated normal shock waves. 

W ith the aid of shock relations, equations (28) 
or (34)) the solutions of LJ, and UO are readily 
found. 

Simple Wave Solutions 

As shown in Figure 13, UO is assumed to be the 
normal shock velocity claculated in equation (47) or 
equation (48) . Then the Mach angle m. can be 
obtained from equations ( 15) and (41). 

mo = tan-l [cr (Uo)l , (49) 

and 

o,=o . 

Next, choose a shock velocity Ui, Ui < UO, 
and calculate m. in equation (49). The shock angle 

Fi@nX? 13. Construction of a simple wave solution. 

(50) 

The shock position of Imint I is determined by 

29 =  u, cos (oi +  ml)/cos ml 
t 

and 

A= 
t 

UI sin (Oi + m,)/cos ml , (51) 

where t is the time after impact. 

Repeating the procedure, by choosing a 
sequence of shock velocities U2, Us, U m., U., n’ 1 I 
xi/t, yi/t (i=2, .. . * n) are determined in the 

same manner. The computations continue until 
xi/t = 0. This completes the construction of a 

simple-wave solution. 

Asymptotic Solution of Two-Dimensional 
Shock Profiles For Strong Shock 

An analytic expression of shock profiles can be 
obtained for large U in simple wave solutions. c, 
s material is chosen in the formulation that follows. 

52 



T S U N - S E N  F U  

T h e  funct ion p (U)  for a  c, s m a terial  in  the 
shock p ropaga t ion  law app roaches  a  constant  as  
1J-r .m (equa t ion  43) ,  a n d  is deno ted  by  p,. Tho ro -  
co  1 %  ) 

/J z -  ; ,u ”y 
* u  

=-- j -  In(LJ/U,) , 
co  

a n d  
P C 0  u  

U =  U o e  (52)  

T h e  shock wave  locus is in  the form 

X  p c a e  

- = e  

uo t  

cos (0  fm O o ) /cos m  0 0  ’ 

j j$-  = e  pcae  
a  

sin (0  +  moo) /cos  m  m  ’ 

w h e r e  m o o =  tan -1  JL  is a lso  a  constant.  0 3  

Let t ing R  =  (x2 +  y2)$,  equa t ion  (53)  m a y  b e  
expressed  in  wlar  coord inates  as  

~ c o ’p  
R-ke  , (54 )  

w h e r e  

c p = U + m -  

a n d  
-m  

k=  Unt  e  m  . 
cos m w  

E q u a t ion (54)  (  Fig. 14 )  represents  a  
logar i thmic spira l  curve,  a n d  has  b e e n  der ived  by  
S k e w  [ 1 0 1  for a n  idea l  gas.  However ,  it shou ld  b e  
emphas i zed  that equa t ion  (52) )  must  b e  used  with 
caut ion s ince the s imple  l inear  shock re lat ion of 
c, s m a terial  m a y  not  b e  val id for very s t rong shocks. 

Fini te Di f ference S o lut ions o f th e  
Cha rac terist ic E q u a tions  

For  a n  axisymmetr ic  impact  p rob lem,  the 
s imple  wave  solut ion on ly  p rov ides  the ini t Ia1 con-  

I-  S H O C K  
P R O F I L E  

Figure  14.  Approx ima te  shock prof i le for the s t rong 
shock si tuat ion (U  large) .  

0  e  =  0  at the axis of symmetry  

o n  the f ree surface. 

T h e  m e thod  of character ist ics is app l ied  in  
comput ing  the shock prof i les. To  d o  this, the 
character ist ic equat ions,  equa t ions  (22)  a n d  (23) )  
a re  first wri t ten in  finite d i f ference forms, a n d  the 
solut ions can  b e  const ructed by  the s tandard  techn ique  
in  the compress ib le  f low theory  [ 141 .  

T h e  finite d i f ference scheme  deve loped  he re in  
differs f rom the convent iona l  m e thod.  T h e  present  
scheme  is des igned  to construct  the shock prof i les 
for successive tim e  intervals. Instead of us ing  two 
k n o w n  f ield points  to ob ta in  the third n e w  point,  on ly  
o n e  point  a n d  the tim e  interval  A t a re  requ i red  to 
de te rmine  a  n e w  point.  T h e  advan tage  in  this 
numer ica l  scheme  is that the successive shock 
prof i les as  a  funct ion of tim e  can  b e  direct ly com-  
p l ted wi thout  in terpolat ions be tween  the f ield points.  

T h e  computa t ions  for this study a re  p r o g r a m m e d  
o n  the IB M  1 1 3 0  digi tal  computer .  

A N  A P P R O X IM A T IO N  F O R  P R E S S U R E  P U L S E  
A T  L A T E  S T A G E  O F  IM P A C T  

T h e  shor tcoming o n  the present  shock 
p ropaga t ion  m o d e l  is that n o  solut ions abou t  the 
f low var iab les a re  g iven  b e h i n d  the shock wave.  T h e  

dit ion. T w o  b o u n d a r y  condi t ions a re  used:  f low f ield of a  dif fract ing shock wave  is too 

5 3  



TSUN-SEN FL/  

COliil)hltOd t.0 bC ObtllhlCd WllytkSlll~. ‘rhiH iH til0 

l!HHO~lt~ll~ I’UIIHOIl l iW ttl0 tkWdl~~,lll~~llt Of tiil’oct 
nllnlot’lolll (wo~ril~lln, HUdI IIH I’IC! C!OtkJ ;llltt 

Euloronrl ctwlo. In fncl, lhc Glow vnrlablos at-0 
siinlficunt in the description of the impact mochnnism. 

At the late stage of shock propagation, it is 
found that the shock front develops rapidly into a 
sphere-like shape, and the flow variables vary 
slowly along the shock front. These facts suggest 
that it is possible to obtain an approximation for the 
flow field at the lar&e elapsed time. 

To find the approximate solutions in the flow 
field, the equations for three-dimensional, unsteady 
flow with symmetric axes are written in a spherical 
coordinate system. These equations are 

Figure 15. Spherical coordinate system with 
symmetric axis. 

By substituting equation (56) into equation (55), 
the zero order equations are obtained as follow: 

(57) 

L!e 9 u 2.Q 
&I 

-+U +-. +P 2+-2+r 1 
ib &I 

at ri)r r Dq w racp r 

+2 

%,~-~~+.~ =o , 
at 

r coscp=o, ( 55) 
In the above system of equations, u = ur and the 

and subscript o is dropped. 

ae ae+Li?.2E 
t+“r’G r acp Equation (5’7) is identified as a one-dimen- 

‘p ae 
sional, unsteady flow equation system. A trans- 

+-.-=o )’ formation of the dependent and independent variables 
r w is introduced as 

where u and u r represent the velocity com- u = Uf 
cp 

ponents in the r .and cp directions, respectively 
(Fig. 15). P = p,u2g, 

Expanding the variable ur, ue, p, and P in P = pohr 

Fourier series yields 

ur(r, cp, t) = u. (r, t) + jJ 
n=l 

un(r, t) cosn0 , 

( 56) 
and m  

ue (r, cp, t) = 2  
n=i 

vn (r, t) sin n e, etc. u=$ , 

(58) 
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whcrc I~ is the shock front position. The first two 
cquatlons of cquntion (57) become 

(f- 5)E +~f+;jf = -AU $j . (60) 

Note that f, g, and h are functions of two” 
variables, t and R(t). To solve the above system 
of equations is still a very difficult task. In general, 
the similarity solutions do not exist because the 
assumption of a strong condition may not be justified. 
In fact, when the impact-generated shock wave 
becomes spherical in shape, the shock strength is 
usually weak. 

Now, two assumptions are imposed as follow: 

f = f,c; 

where ft, ht are the functions evaluated at the 
shock front (5 = 1). They are time-dependent 
functions. 

The first assumption is made because the 
numerical solutions of other studies [ 8,231 show 
that the velocity functions are nearly linear’, while 
the second assumption is based on a quasi-similarity 
theory [ 121. 

From equations (59) and (60), combined with 
the assumptions above, g and h are readily 
obtained as follow: 

g = A(y+2-l)+gl 
and (61) 

h = h, trn 

where gi = g( I, t) and A, m are functions of 
fi, 61, hi, and A. 

TSUN-SEN F U  

In terms of physical quantities, the solutions nre 

u=uir/R , 

p .- pi(r/R)m , 

P = ooU2A[ (*)m+2- i] , 

where 
3u*/u+ AU/& . +u 

m= (u* - U)/U 

and 

(ul-U)+++U 

The subscript i denotes the Hugoniot flow quanitities. 

NUMERICAL RESULTS AND DISCUSSION 

In this section, some numerical results are 
presented. Based on these results, discussions are 
given on the theoretical model proposed in this study. 
Since some of the assumptions imposed in this model 
are subject to a certain degree of uncertainty, it is 
necessary to compare the present results carefully 
with numerical data available from other studies. 
Because of the complexity inherent in this problem, 
it is believed that the justification of some of the 
assumptions is possible only through comparison. 

The Starting Point of Shock Curvature 

In Whitham’s rule, the effect of disturbances 
behind the shock wave is ignored. The justification of 
this model is difficult to establish, because the 
information on the flow field behind the shock wave is 
still meager. 

Point A in Figure 16a represents the location 
where the shock curvature starts. By the CCW 
approximation, the following is obtained: 

tan ma = P(U,) . (62) 

2. The first assumption was also made by Rayzer [241 and Sakura [ 121, but no basic reasons were given. 
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B u t M O  can  a lso b e  pred ic ted by  the fo l lowing 
sl ternat ive equat ion :  

tan tnO 

LI ' : 

+  [I -( !g2]" . (f i l l) 

E q u a t ion (63)  was  der ived  by  S k e w  1 2 5 1  a n d  a lso 
by  H e y d a  [ 2 6 1  to indicate the point  at wh ich  the 
no rma l  shock wave  is first r eached  by  the ra re-  
fact ion wave  f rom a  turn ing corner .  It must  b e  
po in ted  out  that equa t ion  (63)  is on ly  a n  approx i -  
m a t ion because  the shock wave  is not  un i fo rm a n d  
the velocity u  a n d  s o u n d  velocity a  d e p e n d  o n  the 
locat ions. 

A  compar i son  of the a b o v e  two approx imat ions  
is s h o w n  in  F igure  16b .  For  h igh  impact  vel?cit ies, 
the d iscrepancy be tween  these two predic t ions is 
smal l ,  but  a  la rge  d iscrepancy exists in  the low 
velocity reg ion.  S k e w  [ 2 5 1  pe r fo rmed  a n  exper i -  
m e n t for shock waves  dif fract ing a r o u n d  a  corner .  
Observa t ion  of the shock s h a p e  favors the predic t ion 
of equa t ion  (63)  . This m a y  imply  that the C C W  
approx imat ion  on ly  works  for h igh  impact  velocit ies. 
However ,  this is not  a  def in i te conc lus ion s ince the 
p h e n o m e n o n  of impac t -genera ted  shock waves  m a y  
b e  di f ferent f rom S k e w ’s exper iments .  

T h e  Success ive  Pos i tions  o f 
S h d c k  P ro fi les 

A  numer ica l  examp le  of a l um inum impact  o n  
a l um inum at a  velocity of 2 0  km/set is p resen ted  
in  F igure  1 7  such  that the posi t ions of shock prof i les 
a re  funct ions of successive tim e  steps. T h e  no rma l  
shock por t ion van ishes very rapidly,  a n d  it complete ly  
d isappears  at about  5.5 psec.  T h e  shock prof i le 
deve lops  fur ther into a n  e l l ipsoid a n d  eventual ly  
app roaches  a  hemispher ica l  shape.  

T h e  a p p e a r a n c e  of hemispher ica l  shock s h a p e  
inspi res the assumpt ion  of spher ica l  symmetry  
m a d e  by  m a n y  invest igators (7)  . This  assumpt ion  
is reasonab le  on ly  if, after a  l ong  pe r iod  of tim e , 
the shock st rength has  a t tenuated cons iderab ly  a n d  
degene ra ted  into the s p e e d  of sound.  S o o n  after 
impact,  the shock s h a p e  is far f rom spher ica l  in  
s h a p e  and ,  most  important ,  the f low proper t ies  
vary a l ong  the shock front. T h e  p ressure  distri- 
but ion,  for instance,  h,as tie h ighest  va lue  at the 
symmetr ic  axis a n d  dec reases  in  va lue  toward  the 
target  f ree surface. 

4 0  

3 0  

2 0  

1 0  

0  

C U R V E D  S H O C K  

(a )  

P R E S E N T  R E S U L T  

0  2 0  4 0  6 0  8 0  1 0 0  

IM P A C T  V E L O C ITY (km/set)  

Figure  16.  T h e  start ing point  of shock curvature 
in  a luminum.  

P ressure  Distr ibut ions 

A  compar i son  is m a d e  with the numer ica l  results 
ob ta ined  by  H e y d a  a n d  R iney  [27] concern ing  the peak  
p ressure  a long  the axis of cyl indr ical  symmetry.  
F igure  1 8  shows  that for (z/d) <  1, the p ressure  is 
equa l  to Hugon io t  p ressure  ob ta ined  by  the no rma l  
shock re lat ion s ince the p lane  shock gene ra ted  at the 
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in ter face has  not  b e e n  a t tenuated by  the rarefact iqn 
waves  f rom the corner .  T h e  p ressure  then  dec reases  
drast ical ly as  the shock wave  advances  into the 
tn rgcl. ‘l’hc  t l lscrcpnncy of thc~o  hvo results at tho 
o a  riy A o g c  IH t ~ rnJ rdy  u  rurrul l  of the numor l cn l  

d i l fUHhJn cCCc~1  IAcrcnt  In tho tl lroot numer ica l  
H C h C l l l C .  b ; r rOrH  O f UhJUt  :jfb pCrCCl l t  O C C U R  ClJ l I lpnrCd 

Wi th  th0 C X U C t  HOh l t . h~nH.  I lowcvcr, the agrcemcnt  In 
gcncra l  is g o o d  cxccpt the late s tage In wh ich  the 
prcscnt solut ion is consistent ly h ighe r  than  the direct 
numer ica l  solut ions. This is be l ieved  to b e  caused  

by  the fact that the rarefact ion waves  ref lected f rom 
the rear  sur face of the project i le a re  not  cons idered.  
S u c h  rarefact ion waves  a re  k n o w n  to a t tenuate the 
target  shodk  st rength [ 181 .  

‘rho  angu la r  dlstr ibut lons of shock prossurc  
arc  s h o w n  ln  F igure  I!) H O  thal  tic p roH.suro  grndicnts  
in  the q  d i rect ion arc  Indcod  smal l  for la rge  
e lapsed  tim e . This p h c n o m c n o n  prov ides  the basis  
of formulat ing the quasi-s imi lar i ty solut ions in  the 
p rev ious  sect ion. 

z. I- 
F I -. I2  0  I I I I I I Z /d  I I I I w -0  2  1.5 2 .0  3 .0  3.5, 
E  

I 

-R/d 

F igure  17.  Numer ica l  examp le  of a l um inum impact  o n  a l um inum at  a  velocity of 2 0  km/set. 
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7. 
L E G E N D :  

Q J O  
O N U F E R I C A L  S O L U T I O N  (Ref. 17 )  

0  

0  1  
3  

2  3  4  5  6  

D E P T H  INTO T A R G E T ,  z/d 

Figure  16.  Compar i son  of peak  p ressure  distr ibut ion for a n  a lum inum-on -a lum inum impact  

5.0-  

4 .0 

z ) .O  

?  
z 
L  L L  

:: 2.0, 
2  

l .O-- 

0.0.  

( impact  velocity is 2 0  km/set)  . 

S H O C K  P R O F I L E  

0  1 0  2 0  3 0  4 0  5 0  

(deg)  

6 0  7 0  8 0  9 0  1 0 0  

Figure  19.  Angu la r  p ressure  distr ibut ion. 
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APPENDIX: SOUND SPEED OF C, s MATERIAL BEHIND THE SHOCK 
The Mie-Gtincisen equation of state is 

I)-[)0 zT p r(p) (c-cc) t (A-1) 

A general expression of the equation of state 
may be written 

whore the subscript 0 denotes the initial state and 
17 p 1 , the Griinciscn ratio, is a function only of 
density. Diffcrcntiating equation (A-l) with respect 
to c nt constant p, the following expression for 
1’(p) in terms of thcrmodynnmic quantities is 
obtained: 

(A-2) 

According to Reference 7, r m  2 s - 1  at 
normal density, or pressure p = 0. But for higher 
prcssurc, a constant value of r was proposed by 
Rat [ 71, who matched the Mie-Gruneisen equation 
of state with the Hankine-Hugoniot relation of c, 
s material at very high shock strength. It is 

r-2(s-i) . (A-3) 

It should be pointed out here that the range of 
validity of this cxprcssion of r is uncertain since 
thcrc is no way to justify it by means of the available 
cxpcrimcntal data of metals. In spite of this, 
equation (A-3) is used in this work for the sake of 
convcnicncc. 

Now, a thcrmodynnmic relation can be derived 
to yield the adiabatic sound speed a as a function 
of tlilnlational wave speed c and the material 
parameter s. The derivation presented here is 
bnscd on Rcfcrcnce 28. To do this, the Rankine- 
fiugoniot equation is differentiated first as follows: 

dp-(p+po)d L  . ( )I P 

(A-4) 

Combined with the second law of thermody- 
namics, equation (A-4) becomes 

TdS=dc+ pd(+)= +[($ - ;)dp u=c+su , 

(A-5) 
ei= sM 

PO 
i+(s-i)M ’ 

P = P(Pl S) ; 

hence , 

dp=(ij$ dp +#, dS , (A-G) 

a is the adiabatic sound speed, and 

Substituting equation (A-3) into equation (A-7) 
yields 

0 %  =PTr. 
P 

(A-8) 

Then equation (A-G) can be written as 

dp = a’dp+pI’TdS . (A-9) 

Eliminating the term ‘I’ dS from equntions 
(A-5) and (A-9) gives a relation bctwccn the 
adiabatic sound speed, a’, and the slope of the 
Rankine-Hugoniot curve in (p, p) plane, c~~~-,~, 
which is 

or 

a2 = c2 R-H [I-$ (; - $ I+$(+)(:) ” - 
(A-io) 

The shock relations of c, s materials can be 
expressed as follows: 

(A-11) 
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and 

C2 

_ & = dP/c /M 

R-H = ilp -dp/c/M 

C2 = 2 (2M - 1) [1+ (s - 1) Ml2 . 
S 

whcrc M  = U/c . The ratio of a/CR-,, dcpcnds upon s and M  only. 

1. 

2. 

3. 

4. 

5. 

G. 

7. 

8. 

9. 

10. 

il. 

12. 

13. 

Substituting equation (A-i 1) in equation ( A-10) 
yields 

a=E[(3s-i)(s-i)M2-(2s2-(is+2)M-(Zs-I)]’ 

(A- 12) 

and 

a -= (as-i)M-(2s-i) ’ 

‘R-11 (2M-1) - i+(s-1) M  1 ’ (A- 13) 
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OF CHAMGES IN CONDUCTIVITY 
OF DIELECTRICS UNDER SHOCK CONDITIONS 

BY 

E. E. Klingman 

ABSTRACi 

A one-dimensional model is used to investigate 
changes in conductivity of dielectrics under extreme 
shock conditions. The dielectric is forced into 
trctallic conduction states by varying the energy 
band structure as a function of lattice parameter. 
‘The most striking fcaturc of the treatment is its 
gcncrality, deriving from the fact that materials in 
which repulsive forces predominate can be described 
in much the same way. This is in contrast to the 
various bonds that must be considered when 
attractive forces arc most important. Although the 
model is qualitatively successful, it is concluded 
that a nonlinear treatment is necessary to obtain 
quantitative results. 

INTRODUCTION 

The Pegasus Meteoroid Detection Satellites use 
large surface area capacitors as detection devices. 
A meteoroid-hit upon one of the capacitors results in 
a current pulse that furnishes information to the 
telemetry system. The mechanism producing the 
pulse may be one of the following: 

0 Penetration and physical shorting of 
capacitors 

0 Plasma generation 

0 Dielectric shocked into conduction 

When this study was begun, the possibility of the last 
mechanism was uncertain. The object of the study 
was to investigate the possibility of dielectrics 
being shocked into conduction and, if possible, to 
relate the pulse duration to meteor velocity. 

Experimental data [ i,2] were found that 
established beyond doubt the possibility of forcing 
insulators into conduction states, The application 
of sufficiently high pressures to a variety of 
insulators resulted in conductivities that approxi- 
mated those of metals. The study then centered 
on finding a suitable model for calculations. This 
model would then be used to investigate velocity 
effects. 

MODEL FOR CALCULATIONS 

The situation, even in the best of crystal 
structures, is formidable from the viewpoint of 
realistic calculations. It was quickly decided that 
any attempt to analyze the actual dielectric, Mylar, 
would soon bog down in complexity. In view of the 
time available for this study, a one-dimensional 
model was chosen with the hope of obtaining 
qualitative information that could be correlated with 
data from the satellites, and experiments already 
performed on the ground. Although symmetry plays 
a vital role in crystal calculations, the added 
complexity was of questionable value because of the 
unknown effects on the symmetry of the high 
temperature and pressures involved during collision. 

The differences in conductivity of metals and 
insulators vary over an extremely large range (on 
the order of 1042). This variation can only be 
accounted for in terms of the structures of energy 
bands. The simplest model resulting in band 
structure is the Kronig-Penny model [ 31, but this 
model was found inadequate for pressure calculations. 
Since pressures of 1 Mb compress condensed systems 
by a factor of 2 [ I], the parameter to be varied with 
increasing pressure is the lattice constant (Y. The 
increase in temperature is taken into account through 
an approximation that will be explained later. 
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Conditions, are such in the case of extreme 
shock that considerations normally of importance 
must bc uvaluatod,. Of crltlcal importance in crys- 
tal c:alculutlone al ntirmul prcsnurus and tomporuturon 
Is tlic t.yi~ ol cryslal iiivolvctl; I. 0. , ionic, moloculnr, 
cov:ilonl, mutnllic. The typo of crystal is dolor- 
mined by lho nature of tho nttructivo forces causing 
tho atom to crystallize. In shocked matcrlals, 
however, unergy exceeds the nttractlve energy, 
and the repulsive potential between the atoms predom- 
inantly determines the properties of the system. 
Empirical results from shock data indicate that at 
milder conditions than expected, it is permissible to 
neglect the details of binding of a substance 141. 
This could have been predicted from the success of 
the Fermi-Dirac model which ignores band structure 
and statistically groups atoms about the nucleus. 
When shock and heat energies approach the chemical 
binding energies, this model becomes applicable since 
at that point all materials become close-packed and 
metallic. ,b 

At this point a digression may be in order con- 
cerning the difference in metals and insulators from 
an energy band standpoint. 

Bands arise from the fact that no two particles 
obeying Fermi statistics can be in the same quantum 
state in a given system. Consider, for example, 
three atotns in their ground or lowest energy state. 
Quantum mechanics predicts for each isolated atom 
a set of energy states that are identical to those of 
any similar isolated atom. The situation changes 
when these isolated atoms are brought together to 
form a system. As the wave functions overlap and 
interact, the states are shifted to avoid violating the 
Pauli exclusion principle. The group of states that 
were identical for similar isolated atoms now form 
a band. This is shown in Figure I for six atoms. 

In a crystal with very large numbers ( 1023) of 
atoms, the levels are so closely spaced inside a band 
that the band can be considered continuous for all 
practical purposes. 

A crystal composed of N atoms is presented in If the atom chosen had been one with either two 
Figure 2. The particular atom chosen has two or zero electrons in the second energy state, then 
electrons in the first energy state and one electron the n = 2 band would be either full or empty, 
in the second state. The lowest energy band will respectively. In either case conduction would be 
have N states, each of which will be occupied by impossible. Consider the case in which the n = 2 
two electrons with opposite spins. The opposite spins band is empty. If the forbidden gap was made small 
prevent electrons with the same energy from having enough, some of the atoms in the n = 1 band might 
identical quantum numbers, thereby violating the gain enough energy to jump into the empty band. The 
Pauli exclusion principle. The 2N electrons fill the filled band is called the valence band, and the empty 
first band to capacity. The next band, with only N band is called the conduction band. When the gap is 

2 
4 li 

I I I I I 
lNltRATOF!lC SEPARATION 

Figure 1. Formation of bands. 

CRYSTAL 
SPAC I NG 

CAPACITY.  2N ELECTRONS 

5 
El  
5 

, i’N ELECTRONS 

INTEFtAlOEllC DISTANCE 

Figure 2. Energy bands for crystal with N atoms 
of is22s’ configuration. 

electrons and 2N available states, will be only 
half-filled. Electrons in this band can gain thermal 
energy and make transitions to higher states in the 
same band. If an electric field is applied to the 
crystal, conduction is possible in the half-filled band. 
No conduction is possible in the filled band. 
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smal l  enough ,  s o m e  conduct ion  occurs.  By  crystal. T h e  crystal m a y  b e  cons ide red  to b e  s imply 
dccrcns ing still fur ther the g a p  be tween  va lence  a n d  a  filter that wil l  pass  cer ta in f requencies.  For  those 
conduct ion  bands ,  the conduct iv i ty is increased.  va lues  of e lect ron ene rgy  that a re  totally ref lected by  
Final ly, w h e n  the b a n d s  over lap  (zero  fo rb idden  gap) ,  the crystal, there  arc  Corb iddcn  gaps.  U n d e r  no rma l  
the s i tual ion is aga in  m e tallic us  in  the cast w h e n  the prcst iure thcsc fo rb idden  gaps  neve r  d isnppcar  
b a n d  wus  half-Ci l lcd. l’igurc  :S  shows  the Cou r  gcncrn l  comC~l.o lc ly,  n o  maltcr  h o w  m u c h  the cncrgy 
C 3 S C .4. incrcnscs [ 5  J . 

+  
B A N D S  

O V E R L A P  
G A P  
V E R Y  
S M A L L  

C O N D : C T O R  

Figure  3. Fou r  gcncra l  types of b a n d  slructurc. 

A n y  m o d c L  chosen  lor  calculat ions o n  concluctivi ty 
shoul r l  y ie ld a  b a n d  structure vary ing as  a  funct ion of 
lhc  parnrnctcrs  involved.  This rcqu i rcment  ru les 
out  lhc Fermi -B i rac  mcthtxl, a n d  as  m e n t ioned 
carl icr, the Kron ig - l’enny  M o d e l  is not  convcnicnt  
w h e n  latt ice spac ing  is the parnmetc r  of interest. 
‘C o  reta in the b a n d  structure, a  per iod ic  latt ice must  
b e  used,  a n d  a  s inusoida l  potent ia l  wi th appropr ia te  
assumpt ions  is chosen  as  the m o d e l  for calculat ions. 
B e c a u s e  of the fact that symmetry  is to b e  neg lec ted  
a n d  a  gene ra l  crystal wil l  b e  used  ra ther  than  a n  
exact  m o d e l  of Mylar ,  a  oned imens iona l  chai r  of 
a toms wil l  b e  used  for calculat ions. S u c h  a  m o d e l  
shou ld  qual i tat ively a g r e e  with a  rea l  crystal if the 
approx imat ions  m a d e  a re  reasonab le .  

F igure  4  is s h o w n  to emphas ize  that un l ike a  
s ing le  a tom ( Fig. 3a) ,  there  a re  n o  f ree energ ies  
ex tend ing  over  al l  posi t ive ene rgy  states. T h e  f ree 
e lect rons in  a  crystal still have  fo rb idden  ene rgy  
reg ions.  This is pe rhaps  best  unders tood  by  
r e m e m b e r i n g  the wave  na tu re  of the e lect rons 
p ropaga t ing  th rough  the per iod ic  structure of the 

, ::: :? .: , .: 
I:’ .‘I 

d  
S E M I C O N D U C T O R  

Figure  4. A n  i l lustrat ion of the d i f ference in  d iscrete 
‘a n d  cont inuous energ ies  of s ing le  “a tom” a n d  

cont inuous ene rgy  b a n d s  a n d  fo rb idden  energ ies  
of per iod ic  potent ial .  

T h e  first potent ia l  chosen  was  the s implest  o n e  
that wou ld  result  in  a  latt ice per iod ic  in  x wi th (Y  
as  the per iod;  i.e., 

2nx  V(L -2 )  =  V(J(cY)  cos (y . 
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Since  the. p r lmnry  lntcrost is in  the cffccl of 
changes  in  N, it is dcsl rablc that the nvo ragc  va lue  
of one rgy  c h a n g e  as  a  funct ion of (Y.  O thcrwlsc, 1 1 0  
c h a n g e  in  the ave rage  cncrby of the ene rgy  b a n d s  wil l  
result.  This  is seen  by  ave rag ing  the potent ia l  over  
o n e  cycle. 

.f V o ( @  cos Q  2 a x &  

< V w > a v g  =  

p  

= o  . 

(2)  

T h e  result  is seen  to b e  i ndependen t  of o. T h e  
si tuat ion rema ins  u n c h a n g e d  for any  mult ipl icat ive 
factor not  a  funct ion of posi t ion,  x. In o rde r  to 
ob ta in  a  potent ia l  w h o s e  ave rage  va lue  d e p e n d s  o n  the 
pa ranmte r  o, a n  addi t ive te rm must  b e  used.  T h e  
n e w  potent ia l  m a y  bc  rep resen ted  by  

2  T X  V(a )  =  V ,((Y) +  V ,(a) cos (y , (h  

wi th ave rage  va lue  (y 

s V ,(4 dx  

< w ) > a v g  =  O  
;dx 

=  V ,(a) . 

(4)  
0  

To  f ind a  gene ra l  potent ia l .appl icable to a  w ide  
variety of m a terials, a n  approx imat ion  must  b e  m a d e . 
For  the present  it is Iassumed that each  a tom in the 
crystal has  o n e  conduct ion  electron.  For  alkal i  a n d  
monova len t  m e tals, there  is direct exper imenta l  
ev idence  of this. T h e  conduct ion  e lect rons form a  
gas  di f ferent f rom a n  idea l  gas  because  of interact ions 
with the latt ice a n d  with each  other.  These  conduct ion  
e lect rons wil l  b e  cons ide red  as  relat ively f ree e lec-  
t rons to the extent  that the core  can  b e  cons ide red  
as  a  separa te  entity wi th Z-i  e lect rons a n d  Z  
pro tons  in  the nucleus.  G a u s s ’s theo rem states 
that a  spher ica l  cha rge  distr ibut ion as  seen  f rom 
outs ide the sphe re  can  b e  cons ide red  to b e  concen-  
t rated at the center.  This results in  a  cha rge  
+ Z e  +  (Z-i)  ( -e)  =  ie  at the center  of each  atom. 
T h e  m o d e l  chosen  to de te rmine  V 1 (  o )  wil l  consist  
of o n e  a tom su r rounded  by  two singly cha rged  
posi t ive ions (Fig. 5).  T h e  f ree e lect rons f rom the 
ions wil l  b e  cons ide red  as  uni formly s m e a r e d  th rough-  
out  the crystal. T h e  m e thod  of t reat ing e lect rons 
as  mov ing  freely th rough  a  per iod ic  f ield has  b e e n  
cri t icized because  it neglects  col l is ions be tween  
electrons.  T h e  answer  t.1 this crit icism is that a  

/ 
i iolnl, Llltc any  oll icr sc1l ic1, niust  b o  trc:lliul in  

q u a n t u m  mccl ianics as  a  glg~Il t lc ~~ io loc i~ lc  s i~bjccl  
to tho cxo lus ion pr inc lp lo  as  wel l  as  to otl icr 
q u a n t u m  n icchanica l  laws. 

l  

L --L --J IO N  (*cl A l U H  I O N  (+e )  

Figure  5. M o d e l  chosen  to detcrminc V 1 (  o )  . 

T h e  next  s tep is to detern l ine  the potent ia l  cnc rg3  
resul t ing f rom this conf igurat ion.  For  cont inuous 
cha rge  distr ibut ion the potent ia l  ene rgy  is descr ibed  
b Y  1 6 1  

v =  $  j- ,- P(T;)  P i ’) d 3 X d 3 X ’ , 

I f-T;11 
(5)  

w h e r e  p  represents  cha rge  density.  These  
densi t ies a re  found  by  use  of the q u a n t u m  n1echan ica l  
wave+nct ions.  If a n  a tom is in  state 11,  then  
] JI, (r)  I* d  T  is the probabi l i ty  that the va lence  

e & trot1 is in  the vo lun le  e lement  d o  at the point  
(r)  . A n  equ iva lent  s tatement  is that -e  l JI,, (3  I2 

is the ave rage  cha rge  densi ty  rzsul t ing f rom the 
va lence  e lect ron at the point  (r)  [ 71.  

T h e  actual  wave  funct ions for a toms have  a  
n u m b e r  of n o d e s  n e a r  the nucleus.  For  1 1 1 a n y  
prob lems,  inc lud ing this one ,  these ‘n o d e s  a re  
un impor tan t  a n d  can  b e  omi t ted with n o  loss of 
general i ty .  S la ter  [ 8 1  has  s h o w n  that the rad ia l  wave  
funct ions a re  g iven  in  the a b o v e  approx imat ion  by  

R,(T) =  m e  ?n r  , 

w h e r e  

kn  =  (Z-s)/n, 

Z  =  a tomic number ,  

s =  Hater’s A tomic Sh ie ld ing  Constant ,  
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n ;: principal quantum number. 

‘rhc complctc wave function is a product of the 
radial wave function, the angular wave function, and 
a normalizing factor, Nn( r) , whcrc P and m  are 

angular momentum quantum numbers. Spin is 
neglected. 

$,,tr) = N,(r) R,(3 YT ($1 . 

The cncrby between the atom and one ion is first 
calculated. The situation is shown in Figure 6. 

Figure 6. Coordinate system for ion-atom pairs. 

For the coordinate system shown in Figure 6, 
the wave function for the ion is given by 

where i/c is the normalizing factor obtained from 

f 3,b~t~h I/~(?~) r: dr2 da2 = ~2 . (8) 
a11 

space 

To obtain the normalizing factor for the atomic 
wave function, the same integral is evaluated as 
follows: 

all 
Yp:Icc 

The angular integral is equal to 6m I 6 or . 111. m  
unity and the radial integral evaluated at the limits 
gives the value 

./ +; (F;) JI, (Ti) d; = %3 = i 
all t 2$.,), “:, (lb) 

space 
Thus the normalized atomic wave function is 

r: exp(-k,r,) Yy (pi) . 

(11) 

The values of Icn vary with Z  and with the 

electron under consideration. A complete treat- 
ment of the atomic shielding coefficients is given 
by slater [ 81. Values predicted from these 
coefficients generally agree with experimental 
vaiues within 10 percent, which is close enough 
for most qualitative predictions. 

The wave functions derived satisfy the charge 
condition 

space 

The interaction term I/ IT2 - ri 1  can be 
expanded in spherical harmonics as follows [ 91 

where r<(r,) is the lesser (greater) of ri and r2, 

Equation (5) becomes 
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(15) 

The upper limit on the integration in the atomic 
wave function space was chosen to be the lattice 
parameter (Y. This is obviously a maximum. Later 
this may bc dccrcased to some optimum value. The 
angular integral after integration over Q2 becomes 

Angular Integral 

-[ 
& yA 

Ill 

h  (cos 112 =- 0, $9 = 0) 
-2 1 ( ia 

x $ Y*.’ InA ($) Y; (+) Y; $3 dQ2, . 
Qi I 

Expressing the a, integral in terms of Clebsch- 
Jordan coefficients, the complete angular integral 
becomes 

Angular Integral 

(cos 4 = 0, $2 = 0) 21+1 

[4 n(2x+i)+ 

x C(P,l,A;m,m,mh) C(P,P,h; 000) . 
(17) 

In order not to consider Clebsch-Jordan 

coefficients for which Y mA 
A vanishes, Table 1 was 

set up for values up to n=3. From Table i it is 
seen that only Y:, Yi and Yi contribute to the 
angular integral for values of n up to n=3. To 
evaluate the Clebsch-Jordan coefficients, a specific 
value of n is chosen. Choose first n=i. 
Obviously 1 =0 and m=O, and the Clebsch-Jordan 
coefficient is C( OOh; OOmh) C( 00X; 000) from 

which A=O, mh=O, and the term considered is 

unity. For n=Z, the same situation applies because 
as is seen from Table 1, the valu.es for X=1 are 
multiplied by a zero term. For n=3, the same holds 

for A 0 riwl A  1. 1”or A 2, 1111~~th111’ IMlHHhllity 

~)I’OH~!IltR ItHdc. IlOWOVl~I’, for tlio iiioiii~~iit, UIO 1110c10I 

wlll b0 rostrlctctl LIB H :ingul:rr t1101iwtih11t1 ntntcs 
( i=o) . *rh gcncral cxprcsston is 

x CU,I.k mmmxl CU.1.h; 000) YA 
“‘A 

(CO8 “2 =  0, $y 0) 
(18) 

A sample term in which n=2, 1=0, m=O, h=O, and 
m,=O is as follows 

eti-2k 4 
-n 

2( 720) 
(2k,4’+ 6(2kno)’ +  

m  =” (19) 

The curves for n=l, 2, and 3 are shown in 
Figure 7. In intcrprcting the curves, it must bc 
rcmcmbcrcd th:lt for cxtrcnlcly small values of CY, 
the above model dots not cvcn approxitnatcly dcskribc 
the situation. Ilowcvcr, for the vnlucs of the lattice 
parameter that arc of physical intcrcst in this 
problem, it is hoped that the behavior is realistic. 
Since the situation is such that this energy opposes 

the binding energy of the electron, the sign is 
reversed when it is added in the equation. Except 

I I . 
REGION OF OOUGTFUL 
PHYSICAL VALIOITY 

Figure 7. Additive energy as a function of 
lattice parameter. 
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T A B L E  I. C L E B S C II-JO R B A N  C O E F F ICIENTS 
._ _-.. 
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2  *l 0  0  0  

2  lZ2 2  (  )  
1  

1  1 5  Z  -- 
4  2 a  ( ) 

1  I 1 5  ‘J -- 
2  2 7 ’ 

for cxtrcrncly smal l  (nonphys ica l )  va lues  of the 
Latt ice paramctcr ,  this m o d e l  g ives exact ly the 
behav io r  that wou ld  tend  to force the n = 2  b a n d  a n d  
the n -3  b a n d  into conduct ion.  T h e  next  s tep is to 
calculate the bands .  This is d o n e  in  the next  sect ion. 

In q u a n t u m  mechan ica l  p rob lems  the ene rgy  is 
genera l ly  descr ibed  by  S h r ’ded inge r’s equat ion ,  

2  V 2 J,+ V Jl= E lJ . (20)  

I lere V  is the potent ia l  a n d  E  is the ene rgy  
assoc ia ted with the part ic le descr ibed  by  the wave  
i i inct ion $I. T h e  classic case  is, of course,  the 
C o u l o m b  f ield of the h y d r o g e n  atom. As  m e n t ioned 
ear l ier ,  however ,  the crystal u n d e r  cons idera t ion  
can  b e  r e g a r d e d  as  a  g igant ic  mo lecu le  to wh ich  the 
laws of q u a n t u m  mechan ics  must  apply.  T h e  c h a n g e  
in  Sch r’ded inge r’s equa t ion  must  occur  in  the potent ia l  
V  represent ing  the per iod ic  f ield of the crystal. For  
simplicity a n d  for reasons  a l ready  d iscussed,  this 
wil l  b e  cons ide red  one-d imens iona l .  Thus  

Let t ing nx/o =  z, equa t ion  (22)  b e c o m e s  

A $ + [ 2 m d  [E-V,  ( ( Y  ( rx)2 

This is in  the s tandard  form of the M a th ieu equa t ion  
w h e n  

2nx  V = V ,((Y) + V o ( “) C O 8  - -p  . (21 )  
a =  2 m 0 2 [E  - V * (Q’~  

(% tc)z ’ 

T h e  exact  C o r m  of V , ( (u)  wil l  bc  d iscussod 
later. N o w  Schrocd ingcr’s equa t ion  assumes  the form 

x2  -  - - -g  v; J) -t 
I: 

-vi (a )  +  V ”( 0 1 )  cos %  1  Ij~ E rj, . (  22 )  

This can  b e  recogn ized  as  the M a thicu equat ion ,  
wh ich  has  b e e n  t reated qui te  of ten in  the l i terature 
[ 101 .  T h e  s tandard  form of the M a th ieu equa t ion  
is as  fol lows: 

(23)  

(24)  
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The solutions: to this eigenvalue equation yield the 
Mathieu functions of even and odd order and the 
characteristic or eigcnvalues a. The Mathieu 
functions are of little interest in this problem. The 
cigcnvalucs a, how&er, yield the energy 
cig&valucs E for the electrons in the periodic 
potential. The cquatlon nt tlrst glance appears rather 
simple, but the appearance is deceiving. Power 
series solutions yield eigcnvalues in the form of 
infinite continued fractions. Various approximations 
are valid at the origin and in asymptotic regions. 
A polynomial in q was used for q very small until 
it was found that the expression was not valid over 
the range of q required by the physical problem. 
Rather than attempting to use different approximations 
in different regions, matching them where they 
overlapped, it was decided to make use of standard 
tables compiled by the National Bureau of Stand- 
ards [ii]. Although the tables are for a slightly 
different standard form of he Mathieu equation, they 
are easily convertible to the form of equation (23) . 

For purposes of calculation, the one-dimensional 
crystal is considered infinite in extent. Thus, 
boundary value aspects are avoided. One would 
naturally suppose that eigenvalue solutions for a 
periodic Potential neglecting boundary conditions 
would be independent of position x. This is the 
case, and it results that the nth eigenvaluc a is n 
solely a function of q’ (which is in turn independent 
of x) from equation (24) . 

En= s an+ V,(N = V,(a) + ‘3 a) 3nM”)1 

(25) 
q(a) = 2.d. 

(*4u2 v, ( 4 

As is readily seen from equation (25)) much of the 
problem hinges upon the choice of V,(Q) . Slater [ 121 
has chosen an o2 dependence for VO. This is 
shown in Figure 8 when it is seen that the barrier 
height varies as ff2, This representation make use 
of parabolic potentials that are quite often used as 
approximations in physics. At low pressures this is 
probably a good apprqximation; however, at high 
pressures (small 0) this seems not to fit the case. 
Rather than a parabolic well, the actual case is that 
the potential goes toward minus infinity at each 
nucleus. The potential for a single nucleus is shown 
in Figure 9 [ 71. By superimposing potentials of the 
kind shown in Figure 9, a new dependence on (Y 
arises. This is illustrated in Figure 10. 

w 
Figure 8. Slater representation of crystal lmtcntial. 

r - atomic units 

L 

=- _ 

0 12 3456 7 

Figure 9. Potential energy of electron In hydrogen 
and alkali atoms. 

It is shown from Figure 10 (and other combi- 
nations) that to a flrst 3pl~roximation 

1 CY~ IV, I = constant a 35 ; (26) 

therefore 

This will be the potential used for the change in 
potential resulting from a change in lattice parameter. 

There is another factor entering into the change 
of potential with lattice parameter. This is the 
factor of ionization. As more and more energy is 
imparted to each atom (as signified by 3 decrease in 
(Y and a corresponding rise in temperature), the 
atoms lose their most energetic electrons and become 
ionized. The ultimate case is, of ccxlrse, a plasma, 
but intermediate cases need to be taken into 
consideration. Ionization in this case must be 
treated statistically because of the complexity of the 
situation. The first factor introduced to take into 
account the ionization is the simplest possible factor 
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---------- 

a = 8  ATOMIC UNITS 

INDIVIDUAL POTEkIAL 
AVERAGED POTENTIAL 

r-a--: 

a = 4  ATOMIC UNITS ral b  4  

Figure 10. Variation of potential as a function of lattice parameter. 

that will product the correct action. An optimum 
value of the lattice parameter is chosen to be q,, 
and the ratio of cro to the lattice parameter is used 
as a measure of ionization. The ratio is cubed for 
more reasonable results. 

33 Ionization factor = (y 
( > 

. (27) 

For example, let sulphur have (Y,, = 5.0 angstroms. 
Thus for o = 5.0 the ionization factor is unity. 
For (YX 2.0 angstroms, the ionization factor is 
approximately 16.0. For very small values of (Y, 
the ionization factor obviously becomes too great. 
It has already been mentioned, however, tiat at these 

values the additive potential is also inaccurate. Con- 
duction occurs before these values are reached, so 
the model need not be accurate to the same degree 
for very small lattice parameters. One further 
desirable feature of the above ionization factor is 
that at large values of the lattice parameter, the 
factor contributes a sort of shielding that is expected 
in such a circumstance. As the atoms separate, they 
gradually lose even their singly ionized character so 
that they would be better described as a Van dcr Waal’s 
gas. This situation does not arise in the problem 
under consideration, but it is helpful to know that the 
ionization factor chosen works not only in a specific 
area, but also over a range of 0’s. At this stage 
then, it is seen that the potential V. is dcscribcd by 
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or  

As  can  b e  seen  in  Ffgurc 9, tho width of the b a n d s  is 
re la ted to the pr inc ipal  q u a n t u m  n u m b e r  n. (It 
shou ld  b e  rea l ized that this q u a n t u m  number ,  a l though  
refer r ing to lcvcls resul t ing f rom a  centra l  potent ial ,  
has  m e a n i n g  w h e n  thought  of in  terms of the l imlt ing 
states in  the limit in  wh ich  the crystal expands  into 
iso lated atoms.)  T h e  widths a re  ob ta ined  in  the 
m o d e l  by  us ing  ionizat ion factors s imi lar  to 
equa t ion  (27)  wi th n -dependen t  exponen ts  ( and ,  of 
course,  radi i) .  Thus,  

n - b a n d  ionizat ion factor =  (30)  

A t p resent  the exponen t  f(n) is de te rm ined  
empir ical ly,  a l though  a  theoret ical  bas is  is be ing  
cons ide red  (Fig. ii) . A  fur ther approx imat ion  is 
m a d e  for the ene rgy  b a n d s  as  expressed  in  equa t ion  
(24) .  T h e  pa ramete r  (Y  is set equa l  to cro. 

W P l V  3s S T A T E S  

F ILLED 3s C O N D U C T I O N  
E L E C T R O N  S T A T E S  

F ILLED 2s. 2 p  S T A T E S  

F ILLED 1s S T A T E S  

Figure  ii. I l lustrat ing n - d e p e n d e n c e  of bandwid th .  

E n =  2 % ’ a n - V i(a )  . 
0  

This does  not  affect the point  w h e r e  ene rgy  b a n d s  
intersect. It does  sl ightly affect the s h a p e  of the 
curves in  these reg ions.  T h e  approx imat ion  is 

be ing  s tud ied in  o rde r  to g ive.a bet ter  exp lanat ion  
o r  a  bet ter  approx imat ion.  Us ing  for the a b o v e  - 
approx imat ions  f( 1 )  .=  10,  f(2) =  fi, f( 3 )  =  2, 
ffi=  1.6, 4 ’2.2, ~ ~ ~ - 5 .0, andru,=5. ( ) ,  the 
cncrhy b a n d  d iag ram is s h o w n  in  Fi lntro 12.  T h u  
b n n d  structu ro  changes  with latt ice pa rnmoto r  so  that 
the sol id goes  Into conduct ion  for smal l  e n o u g h  
paramete rs  (h igh  pressures)  . Us ing  the scheme  of 
F igure  3, the in format ion in  F igure  1 2  cnn  bc  
p resen ted  in  a  fo rm comparab le  to snapshots  of the 
ene rgy  b a n d s  for a  g iven  va lue  of the latt ice 
parameter .  This is s h o w n  in  F igure  13.  

F igure  12.  Ene rgy  b a n d  structure for m o d e l  used.  

T h e  cho ice  of ion izat ion factor used  in  the 
p rev ious  calculat ions was  m a d e  o n  the basis  of 
simplicity a n d  conven ience  whi le  possess ing  a  
reasonab ly  accura te  d e p e n d e n c e  o n  latt ice parameter .  
A n  at tempt wil l  b e  m a d e  h e r e  to bet ter  this first 
approx imat ion.  A  calor ic equa t ion  of state s imi lar  
to that of water  wil l  b e  used.  W a ter, wh ich  is the 
most  impor tant  m e d i u m  with approx imate ly  sepa rab le  
ene rgy  has  a n  equa t ion  of state somewha t  resembl ing  
a  perfect  gas  [ 1 3 1  

w h e r e  A , B , a n d  y a re  pract ical ly i ndependen t  of 
ent ropy.  This fact assures  that by  neg lec t ing  
en t ropy  changes ,  n o  great  e r ro r  wil l  b e  in t roduced 
into the ionizat ion factor. For  re fe rence pu rposes  
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I n-3 

zi n=2 
5 
5 

n=l 

c 

ar2.0 ap2.3 a--3.3 
E 

a4.0 

Figure 13. Alternate method of depicting energy gaps resulting from model. 

po = density of Hz0 at 0°C , 

A == 3001 atm , 

B L 3000 atm , 

and 

Y-7. 

A change of variable from density to lattice 
paramctcr yields 

- B - 

At constant entropy, the work done by pressure, 
p, on volume, V, is pV; therefore, 

(33) 

The atomic volume Is set equal to 

and 

3 v=+lr+ , ( > 
dV 

0 
a2 Ha2 ==2lr7 z--2- , 

!g = ( > 3Y 
-3Y$ 2 . 

t 34) 

(35) 

(36) 

n-3 

n=2 

n=l 

The change in energy as a function of lattice 
parameter becomes 

or 

Ilowevcr, it will bc noted that to obtain one 
atmosphere of pressure under normnl conditions 
(V = V,), it is necessary that A = B + I. If the 
change of notation A = P, is made, then the 
equation of state becomes 

. 

The expression for the cncrby change bccomcs 

3-Y 
dW= $ PO 

(38) 

(39) 
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w h e r e  the fact that d a  is negat ive  has  b e e n  taken 
into acccxln~:’ This equa t ion  can  b e  rewri t ten 

dcu  . (40)  

It wil l  b e  a  g o o d  approx imat ion  to cons ider  
i/P , 2  0  a n d  use  

d W =  Po (+ )e )“y a 2  [ (Y - 1 )  

This probabl l i ty  can  easi ly  b e  in tegrated to ob ta in  

I’,,( II) 1 1 ’ I.:,;’ I’” * ,y _  I) ,““:iy 

and,  rea r rang ing  torms, 

(46)  

This quant i ty  is negat ive;  however ,  by  tak ing the 
abso lu te  va lue  of W  it is seen  that a  reversa l  of 
s ign occurs  such  that 

d a  P n (  Q )  =  n 2  Ei i  $  P , o 3  2  
3 Y  

(41)  
[o I 

-  1  . (47)  

as  the ene rgy  to b e  used  in  fur ther calculat ions. 
Hav ing  found  this ene rgy  c h a n g e  as  a  funct ion of 
latt ice parameter ,  it is r easonab le  to assume  that 
as  the ene rgy  c h a n g e  is greater ,  the probabi l i ty  is 
h ighe r  that a n  a tom wil l  b e  ionized.  T h e  s implest  
type of d e p e n d e n c e  g iven  by  assuming  that the 
probabi l i ty  of ene rgy  input  W  ion iz ing the n th  b a n d  
e lect ron is 

p n  =  #  =  q - =  .2 w , 
I I 

(42)  
n  -;;e- ’ 

w h e r e  

w o  =  + $  

a n d  

W =  s” dw(cu)  . (43)  
a 0  

It can  b e  seen  that the probabi l i ty  P n  of ion iz ing 

the n th  b a n d  e lect ron has  the form 

o!  

P n (  a )  =  +  n 2  Ei*  s f( C U ’) d a ’ , 
Q o  

(44)  

or  specif ical ly 

(  45 )  

This funct ion y ie lds zero  probabi l i ty  of ion izat ion for 
ze ro  c h a n g e  in  latt ice pa ramete r  ( no  compress ion)  
a n d  increas ing probabi l i ty  as  the m a terial  is com-  
pressed.  T h e  probabi l i ty  is chosen  to b e  m a x i m u m  
w h e n  the input  ene rgy  is equa l  to the ionizat ion 
potent ia l  of the n th  b a n d  electron.  T h e  co r respond ing  
va lue  of (Y  is found  by  solv ing 

W(a )  =  E n  

o r  

3 Y  
a 0  

=  (y3y 
(  )  

i +J$  , (48)  

w h e r e  
E  

k= -$+ -  , 

p O  

which  must  b e  so lved by  g raph ing  o r  i terat ion for 
each  part icular  init ial va lue  (Y  o. T h e  va lue  of (Y  

found  by  the a b o v e  p rocedu re  is the lower  l imit 
b e y o n d  wh ich  the’probabi l i ty  b e c o m e s  mean ing less  
[ P n (  0 )  >  I]. T h e  express ion  P n (  (Y)  shou ld  rep lace  

the ionizat ion factor (  on /o’) F(n)  g iven  in  

equa t ion  (30)  . Resul ts  of calculat ions with this 
ionizat ion factor arc  not  g iven  because  of a  shor tage  
of tim e  a n d  the lack of a  plot t ing mach ine .  It is to 
b e  expec ted  that s o m e  modi f icat ion of this factor 
m a y  b e  necessary  to p revent  the ionizat ion ptent ia l  
f rom d isappear ing  w h e n  (Y  =  C Y ~ . However ,  such  a  

van ish ing  factor is m o r e  appropr ia te  to a  dielectr ic 
at (Y  =  o. than  a  m e tal. It shou ld  b e  m e n t ioned 

that wh i le  it is conceptua l ly  usefu l  to rega rd  each  
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band as deriving from a particular atomic state (in 
the sense of the tight binding method), it is only 
rigorously true if the energy band is narrow and 
separated from neighboring bands by large energy 
gaps. If several bands overlap, they must all be 
regarded as deriving from the same group of atomic 
states. This adiabatic device to label crystalline 
bands in terms of bound atomic levels obviously 
fails for all higher bands that arise from the 
continuum. In tbrce dimensions the order of the 
levels in energy can change as the lattice parameter 
is varied. The device may then fail even for low- 
lying bands [ 51. Ncvcrtheless, the use of this 
concept to derive an ionization factor is more 
satisfying intuitively than simply choosing one which 
yields the proper results. 

Before cntircly dismissing the results of the 
first ionization factor, equation (3(j), it should bc 
noted that one of the empirical features required for 
correct results has a basis in theory. The device of 
using discrete initial values o for the various bandr n 

can be justified by the following arguments. As 
mcntioncd in the description of how energy bands 
arise, the interaction of electrons initially in the 
same state results in each of the initial states being 
slightly displaced so that the final configuration 
consists of two (or more) new states. The phrase 
“interaction of electrons initially in the same state” 
assumes an importance not immediately obvious. 
Consider two atoms separated by a distance small 
enough that the outer orbits overlap and also the outer 
orbits partially overlap the inner orbits as in 
Fibs re i4b. The clcctrons in the outer orbits and 
those in the inner orbit arc not “initially in the 
same slate.” Therefore, although there is an 
interaction shifting the energy levels, the levels do 
not necessarily spread out to form a band. Only 
when the separation of atoms is such that the inner 
levels overlap ( o< 2 x rinner level) do these levels 

spread into a band. This is the justification for the 
use of the (Y and a possible need for similar 

provision in ‘Pn( o) such that Pn( o)+Pn(on) . 

The problem was also considered in general 
thermodynamic terms in an attempt to impose 
limitations upon the usefulness of the model. The 
treatment follows Seitz and Turnbull [ 14) and will 
not be reproduced in this review. The results can 
be summarized by stating that the change in energy 
is found to be proportional to the change in volume; 
I.e., 

AE = p, AV . (49) 

r nth 1011 CORE 

(cl 
u<am<ufJ 

(d) 

Figure 14. Different possibilities of overlapping 
wave functions. 

This relation can be used to obtain an order of 
magnitude approximation to the energy changes 
involved for specific pressures. #en the 
equipartition theorem is used, it follows that about 
one-half of this energy should contribute to the 
potential energy. The volume can be cxpresscd in 
terms of the lattice parameter o (assuming an atomic 
radius of o/2) as 

v. = + A $ 
0 

2 

As2 

For a pressure of 2 
halved; therefore 

-2 
2 (50) 

Mb, the lattice parameter is 

and 

AV=v,-v, -5 o3 s 

The potential energy change is seen to be 

AE 
pot 

=$ AE=+Pav AV -$ Mb 5; (51) 

or approximately 
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AE -1Mbx atomic volume 
pot 16 (52) 

The pressure in mcgabars can be converted to 
cncrgy per atomic volume, and the result is found 
to be 

1 Mb = 0.8 eV 
atomic volume ’ 

which yields a change in potential energy, 

AE 0.8eV ~ 
pot 16 = 0.05cv . 

( 53) 

Thus it would appear that at the prcssurcs present 
in tic material, there would bc insufficient change in 
potential energies to affect the conduction bands 
even assuming all of the energy went into this 
direction. 

One way in which the required energies may be 
achieved is to use the super-position properties of 
interfering waves. It is quickly seen that even the 

however, mean that the pressures cannot bring about 
substantial increases in conductivity. It means only 
that a simple, linear treatment of the shock waves 
is insufficient. Interaction and reflection of nonlinear 
waves lead to enormous increases in pressures as 
has been verified experimentally. Such nonlinear 
interactions could very easily result in conduction 
band energy changes. They also make likely the 
appearance of hot spots wherein the required 
energies are available. The study of nonlinear proc- 
esses seems necessary to gain much more informa- 
tion about conduction brought on by high pressures. 

CONCLUSIONS 

Qualitatively, the model results in conductions 
with increasing pressure expressed by means of 
decreasing lattice parameter. The thermodynamic 
analysis indicates, however, that a linear treatment 
of the problem is not capable of determining quan- 
titative behavior with acceptable accuracies. If 
carried several steps further by a statistical 
mechanical treatment, the relaxation times for the 
conducting dielectric could be computed. This 

added pressures do not yield sufficient energy changes information may be sufficient to determine meteor 
to affect conditions appreciably. This does not, impact velocity from empirical data. 
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H IG H  T E M P E R A T U R E  E Q U A T IO N  O F  S T A T E  F O R  A L U M INUM ’ 

R. J. N a u m n n n  

S U M M A R Y  

A n  equa t ion  of state is deve loped  that is capab le  
of descr ib ing  m e tallic e lements  in  bo th  sol id a n d  
l iqu id p h a s e  f rom amb ien t  tempera tu re  a n d  pressures  
to states of ex t reme tempera tu re  a n d  pressure.  A  
nove l  techn ique  for t reat ing the a tomic v ibrat ional  
contr ibut ions is in t roduced by  assuming  each  a tom 

vibrates independen t l y  in  a  tan2  potent ial .  T h e  
Sch roed inge r  equa t ion  can  b e  so lved exact ly for this 
potent ia l  funct ion, a n d  the q u a n t u m  mechan ica l  part i -  
t ion funct ion is compu ted  directly. In this m a n n e r  
a  cont inuous,  thermodynamica l ly  consistent  descr ip-  
t ion of mctnls is ob ta i6ed  wh ich  reduces  to a n  
Einste in  sol id at mode ra te  tempera tu res  a n d  to a n  
idea l  gas  in  the l imits of h igh  tempera tu res  and /o r  
la rge  vo lumes.  

Deta i led  numer ica l  computa t ions  a re  car r ied out  
for a luminum.  Al l  the constants requ i red  to 
conf iyrc the m o d e l  arc  obta innb lc  f rom e lementa ry  
the rmodynamic  da ta  at amb ien t  condi t ions.  Excel lent  
agrcemcnt  is ob ta ined  with cxper imcnta l  shock 
compress ion  da ta  o n  sol id a n d  po rous  samp les  at 
p ressures  to 5  M b  a n d  tempera tu res  to 2 5  O O O ’K . 

INTRO D U C T IO N  

Substant ia l  p rogress  has  b e e n  m a d e  in  recent  
years  in  unders tand ing  the behav io r  of m e tals at 
ex t reme tempera tu res  a n d  pressures.  Shock  com-  
p ress ion  techn iques  have  ach ieved  p ressure  measu re -  
m e n ts to approx imate ly  1 0  M b  a n d  tempera tu res  of 
tens of thousands  deg rees  [ I]. A t the lower  pres-  
sures,  the D e b y e  o r  E inste in  m o d e l  for ene rgy  a n d  
the M ie -Grune isen  equa t ion  for p ressure  is a d e q u a t e  
a n d  ze rodeg ree  isotherms we re  extracted f rom shock 
measu remen ts  by  us ing  these re lat ions to subtract  out  

the thermal  contr ibut ions.  It was  found  that a  Mo rse  
potent ia l  p red ic ted the ze ro -deg ree  isotherms to a  
fair d e g r e e  of accuracy [ 21,  wh ich  conf i rmed a n  
ear l ier  suggest ion  by  Sla ter  [ 3 1  . 

As  exper imenta l  p ressures  a n d  tempera tu res  
increased,  var ious inadequac ies  in  the theory  b e c a m e  
evident .  Elect ronic  contr ibut ions we re  in t roduced.  
For  compress ib le  m e tals, anha rmon ic  terms b e c a m e  
signif icant. These  we re  t reated by  A l’tshuler  ct al. 
us ing  the f ree vo lume  theory  of Lennn rd -Jones  a n d  
Devonsh i re  [ 41.  Pnst inc [ 5 1  used  the per turbat ion 
m e thod  of L icbfr ied a n d  Ludw ig  [G ] to correct  for 
anha rmon ic  effects. 

For  the h igh- tcmpcrnturc  states rcnched  by  
shock ing  po rous  samples,  it was  found  that the 
behav io r  bccnme  m o r e  idea l  gas-i ikc. Ko rmcr  [7] 
p roposes  a  set of empi r ica l  in terpolat ion equat ions  
to t ransform sol id- l ike behav io r  of cncrgy,  pressure,  
a n d  hea t  capaci ty to the idcal  gas  rclnt ions. Ur l in  [ 8 1  
p r o p o s e d  a n  empi r ica l  fret cncrgy funct ion to 
account  for p h a s e  transit ions. Al l  of these empi r ica l  
re lat ions requ i re  ad jus tab le  constants wh ich  a re  
eva lua ted  f rom expcr imenta i  h igh-p ressure  data.  
Fur thermore ,  thcrc is n o  gua ran tee  of the rmody-  
namic  consistency be tween  them’. 

A n  equa t ion  of state for m e tals is deve loped  in  
this work  that is capab le  of descr ib ing  the l iqu id -dense 
vapor  p h a s e  as  wel l  as  the sol id p h a s e  f rom amb ien t  
condi t ions to tempera tu res  a n d  pressures  exceed tng  
the present  exper imenta l  range .  Rather  than  use  in-  
terpolat ion equat ions  to t ransform the behav io r  of a  
sol id to that of a  gas  at h igh  tempera tu res  o r  at low 
densi t ies,  the a p p r o a c h  wil l  b e  4 0  start wi th empi r ica l  
in teratomic potent ia l  funct ions a n d  deve lop  ihe  ent t re 
equa t ion  of state us ing  q u a n t u m  statistical mechanics .  
T h e  on ly  empi r ica l  constants requ i red  a re  ob ta inab le  
f rom e lementa ry  the rmodynamic  quant i t ies such  as  

1. This repor t  was  b a s e d  o n  work  submi t ted in  part ia l  fulf i l lment of the requ i rements  for the d e g r e e  of 
Doctor  of Ph i losophy  in  the Depar tment  of Physics in  the G radua te  Schoo l  of the Universi ty of A labama .  

2. K o r m e r ’s pressure,  energy ,  a n d  hea t  capaci ty we re  chosen  in  such  a  m a n n e r  to b e  consistent  a m o n g  
themselves.  
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heat of vaporization, com.pressibllity, entropy, etc. 
6;“this manner the behavior of a metal throughout the 
entire htgh-pres,sure, _ high-temperature regime can be 
predicted from its properties at ambient conditions. 
Since all the thermodynamic properties are derived 
from the partial function, thermodynamic consistency 
is guaranteed. This, a)lows a complete thermodynamic 
description , so that phase transitions are described 
naturally from Gibbs energy considerations, 

FORMULATION ’ 

It will be assumed that the IIclmholtz energy can 
be expressed as the sum of three independent 
contributions: the lattice term, Fk, the ionic 

vibration term, F  V’ and the free electronic term, F  e’ 
Since .:a11 thermodynamic functions are derivable 
from the Helmholtz energy, it immediately follows 
that they all can be expressed as sums of these three 
contributions. The fact that there are interactions 
between the free 
accounted for by 
mass. 

electrons and the lattice will be 
introducing an effective electron 

Lattice Terms 

Since the Morse potential has been found to be a 
rcnsonable empirical rcprcsentation for the lattice 
energy of a metallic solid, the Helmholtz energy 
for the zero-degree lattice is written 

Fk = L ,2b( 1-t) -2eb’ i-5) , 
0 ( ) 

where L is the zero-degree heat of vaporization, 

or total bynding energy, 5 = (V/Vo) i/3 , and b is an 

empirical constant determined from the compres- 
sibility. From the relation F  = E - TS, the internal 
energy, E of the zero-degree lattice is identical to k’ 
Fk. The zero-degree isotherm is found from the 

relation 

p = - ( 3Fk/W) T  

and is 

2b( i-5) -,b( i-5) 
> 

Vibrational Terms 

At moderate temperatures, the ionic vibrational 
contributions may bc computed from the assumption 
that the ions behave as harmonic oscillators. This 
assumption leads to the Einstein model, in which it is 
assumed that all atoms vibrate independently at the 
same frequency, or to the Debye model which considers 
a distribution of normal mode frequencies. At very 
high temperatures, the vibrational amplitudes are 
such that nonlinear restoring forces must be con- 
sidered. This is accounted for by assuming each atom 
vibrates independently3 in a potential well given by 

2a2mwk 
a(x) = 7 tan2 c-9 2a * (3) 

When the displacement x is small compared to the 
atomic spacing a, the potential reduces to ’ - 

Il lW2, 

@(xl = --j- x2 I (4) 

where w E is the Einstein frequency. For a harmonic 

oscillator, w2 = K/m, therefore, equation (4) has the 
form i/2 Kx2 where K is the spring constant 
corresponding to the Einstein frequency. 

At larger displacements, x x +a, the potential 
approaches infinity which describes a hard sphere 
collision between point masses. This roughly cor- 
responds to nuclear collisions between neighboring . 
atoms whose position expectation values are *a. 

The choice of the tan2 functional representation 
was made because it behaves as desired in the limits 

3. The assumption of independent vibration is justified because even at moderate temperatures the Einstein 
and Debye models give almost identical results. 
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and also because it allows a closed-form-eigenvalue 
solution to the Schroedinger equation. The energy 
eigenvalues are’ 

en.’ 
(n’-t n) E + n 

( 
f i2W2 E + E2 0 0 ) 

1/2 9 

(5) 
n-9,1,2,. . . 

where E o is the degeneracy energy ?H2 / (8 m  a2) 

The vibrational partition function Z  for N 
atoms, each with three degrees of freedom, is 

In Z  = 3N In .i 
n=O 

where k is the Boltzmann constant. 

The various thermodynamic functions are 
obtained from the partition function in the usual 
manner. 

(6) 

F, = -kT In Z  = -3NkT In f e-En’kT , (7) 
n=O 

and 

Pv = -kT #v In Z  = 3N 

where 

Pn = - 
“En 

av . 

Differentiating equation (5). 
becomes 

2 Eo Pn= (n2+n) 3 v++ 

(ii) 

the Pn’ contribution 

y )f2w2+ $  6; 

2 i/2 (H2w2+ E o) 1 ’ ( 12) 

where y is the Gruneisen ratio, -(8 In W /8 In V), 
Formulation of y for solids has received extensive 
treatment in the literature. 

The brnckets 0 clonotc the onsemble nvorngc; og., 

( >b X ( 13) 

n=O 

At solid densities, Mw >> l o and the Boltzmann 

factor reduces to exp [-(n2eo + r$w)/kT] . Unless 

kT >> Xw, the Boltzmann factor will become negligibly 
small at low enough values of n to prevent the n2s 

0 

term from contributing significantly. In this case, 
the Helmholtz energy reduces to 

co 

Fv= -3NkT”ln 7 c -nJfw/kT 

n=O 

= 3NkT ln i-e -Hw /lo 

which is the well-known rcsnlt from the Einstein 
model. 

The Liquid Potential Function 

The zero-degree potential encrLT in the liquid 
phase is represented by 

L, .2b( i-5) _ ?z ; 
V t ‘51 

Fk= ’ 
L (,2Wtk) -2 eb( I- t/h) + E 

) 

( 15) 

( 0  m; 5’51 * 

where Li, B, E m’ and (I are empirical constants 

peculiar to the liquid phase, and Lo and b are the 

same as in the solid potential, equation (1). This 
particular form was chosen for the following reasons. 

4. See problem 12 in D. ter Haar, Problems in Quantum Mechanics, Academic Press, New York, 19GO. 
Actually, there should be a i/2 added to n in both terms corresponding to the ground state. However. 
the ground state energy is included in the zero-degree lattice terms; therefore, it is suppressed in the 
vibrational terms. 
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” For 5 2 51 the repulsive term is the same as in the 
Morse potential, but the attractive term is the form 
resulting from van der Waals forces. This potential 
function cannot be cxtcndcd to small 5  because 
cvcntually the attractive tcrm will override the 
rcpulnivc term. To avoid this, tho form glvon for 
5 5 [, wns chosen. This is identical to the Morse 
curve for the solid except that E,n and t1 have 

been introduced toaccount for the heat of fusion and 
different compressibility of the liquid phase. 

The pressure is again given by Pk= - ( tiFkkdV) T  
and is 

,W i-5) -B+ ;;zL; ; 5’51 
Pk 0 = 

I 
( 16) 

2bL0 
3M2Vo .2b( W /td -,‘W /h) 1 ; 5  s t 1 

Of the four additional constants introduced in this 
potential, two are required to match the Fk and P 

k 
at 5 = tt. The remaining two are chosen to product 
the observed energy and pressure at the melting 
point5. Figure I compares the liquid potential with 
the Morse potential for aluminum. 

The Liquid Vibrational Component It is intcrcsting to cxaminc the behavior of the 
liquid in the limit of lnrgc volumes where x0--6. 
In this limit, the atom mov~‘s Prccly within its “cage. ” 

Encounters with the wall correspond to clnstic point 
collisions characteristic to an ideal gas. Since 
kT >> E o, the summntions may be rcplnced with 

integrations and 

The Lcnnard-Jones Devonshire model of liquid 
and dense vapors treats each atom as though it were 
moving In a cage of its nearest neighbors which are 
considered fixed. Since the number of nearest 
neighbors is usually 12, a high degree of symmetry 
exists, and a spherically symmetric potential may be ( n2 +  2n)e 
assumed. Following these concepts, the same form 
of potential function as assumed for the solid, f e- kT o (19) 
equation (3), is used to describe the behavior of an n=O 
atom in such a cage. 

The Helmholtz energy becomes 
The partition function will be somewhat different 

from equation (6)) however, because of particle 
indistinguishability. In the solid phase, particles 
are, in a sense, distinguishable because of their 

definite position in the lattice. In a liquid, particles 
can exchange positions and thereby lose their 
distinguishability. The partition function must be 
adjusted accordingly for “proper Boltzmann counting. ” 

Since each atom occupies a co11 with volu~nc (211) [ 31, 
n volun~ conlaining N atoms spacctl at avoragc N 
tllstallcc, I *I, can havo N/S ~011s. ‘l’horo arc (N/R) 
ways of arranging N pnrticlcs among N/H cells, of 
which N! arc rcdundnnt because of pnrticlc indistin- 
guishability. The partition function becomes 

(17) 

-E /kT 
Fv = m'r (111 8 - i) -3wr 111 f e n . 

n-0 
( 18) 

The energy cigenvalues, en, are given by 

equation (5) ; the internal energy and heat capacity 
are given by equations (8) and (9), rcspcctivcly, and 
the pressure is given by equations ( 10) and (12)) 
except that the Einstein Frequency nnd the Grunciscn 
ratio will have different vnlucs for the liquid. 

FV = -NkT -$ NkTln[a (%)“!a (20) 

5. The parameter, t1 , is the value of 5 corresponding to minimum potential in the liquid phase. It will 
generally be more than unity because the distribution of the atoms in liquid metals is random instead of the 
more efficient close packing usually associated with crystal lattices. This choice of functional dcpendencc 
was made to assure Pk([i) = 0 and to make the F  

k and P approach the same values as the solid phase 
at small 5. k 

The Ilelmholtz cncrgy becomes, using Stirling’s 
approximation, 
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-0.6 

-0.8 

-1.0 , c 

I 
I - SOLID (MORSE I’GTEPITIAL) 

I ---- LIQUID (MODIFIED MORSE + VAN DER WAALS) 
I 

I 
0.5 0.7 0.9 I. 1  1.3 1.5 1.7 1.9 2.1 2.3 

Figure 1. Comparison of solid and liquid potentials. (The liquid potential approaches the solid at high 
compressions, differs by approximately the heat of fusion at V = Vo, and exhibits a van der Waals 

behavior at large volumes. ) 

Similarly, the other equations reduce to the ideal gas which is the well-known Sakur-Tetrode equation for 

relations, Ev = +T, Pv=F, and the entropy of an ideal gas. 

” 

%v = * Nk. Using the result of equation (20)) the 

relations S = (E-F)/T, and the fact that Ek= Fk, 
At liquid densities, Jfu >> l o and the treatment 

of the vibrational component of liquids at moderate 
the entropy in this limit becomes temperature reduces to the Einstein model. However, 

Nk+ $ Nkln [$$ (+)2’3], (21) 
the Einstein frequency and the Gruneisen ratio will be 
different in the case of a liquid. 
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A o~do etdlmate of the vlbrallonnl frequenoy UUII 
bc made by uonnlderlng an nlcm nt the orlgln with 
nn atom ut fa. The ,uhange In potential resulting 
from n dleplaoement x Is 

@(xl = *( n+x) + *(a-x) - 2*(a) . (22) md 

Using only the repulsive term in the Morse Potential, 
2b( I-r/so) 

E=g yv+ 3’2de 
o e(~-Co kT ’ 

Wr) = Ooe 9 
where 

(27) 

(28) 

a(x) = 2 *oe2b( ‘+) [ cash(F) -I] . (23) g = 2T’p3’2 . 

For small displacements, The chemical potential p  must be found for a 
given volume and temperature by a numerical iterative 

*(x) m2aoe 
2b( l-5) 4b2x2 

7 -. 
0 

(24) 

This has the form of a harmonic oscillator potential 
with a frequency 

solution of equation (27), then equation (28) may be 
integrated to find E. The pressure is obtained from 

E, which holds for Fermi 

(25) 

the identity, PV = * 

as well as Bose gases. Since, by definition, the 
chemical potential is the Gibbs energy per atom, 
G = Np. Using the identity G = F  + PV, the electronic 
contribution to the Helmholtz energy may be found. 

0 For temperatures that are small compared to 

from which y = +’ b 6. The w a8 a function of 
the Fermi temperature, the integral in equation (27) 
may be approximated 

volume can be found from equation (25) and the value 
of w o at t = 1. This can be obtained from entropy 

measurements. In the limit of the Einstein model, 
$k2T2 

cc= EF -12 +.... , (29) 

the entropy becomes 
J? 

and equation (28) becomes 

E=+ FQE, NE + $ Nk2T2 
l7 

(30) 

-Nk(ln8-1) . 
l! 

Given S and T, the above expressIon can be solved 
where the Fermi energy eF is 

for w. 

Figures 2 and 3 show how the vibrational com- (31) 

ponent of heat capacity approaches ideal gas-like 
behavior in the Iimit’of high temperatures or iow 
densities. 

The first terms in equations (29) and (30) are the 
zero-degree degeneracy energy. This is already 
contained in the lattice terms and will therefore 

Electrode Contributions 
be suppressed. The electronic contribution to the 
Helmholtz energy is 

dN k2T2 
The electrontc terms are obtained by treating 

the free electrons as an ideal Fermi gas. From the 
Fe=- e 

eF 
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Figure 2. Behavior of heat capacity for solids and liquids in the high temperature regime. (Breaks 
in the curves represent phase changes.) 

The Fermi energy is computed from the observed 
electronic heat capacity coefficient which can be 
measured at low temperatures. The C is obtained ve 
by differentiating equation (30) , giving 

= $ Nk2 T  

V 2CF * 
(32) 

At very low temperatures, the electronic terms 
dominate the heat capacity, which is experimentally 
observed to depend linearly on T. The value of 

l F obtained in this manner will be somewhat different 

from the value obtained from equation (31) if the 
free electron mass is used for m. This difference 
arises from the interaction of the electrons with the 
lattice. The effective electron mass is defined as that 
mass which makes equation (31) agree with the Fermi 
energy obtained from the experimental heat capacity. 

COMPUTATIONAL RESULTS 

Specification of Constants 

The equation of state developed in the preceding 
section was applied to aluminum. The various 
constants required are obtained in’the following 
manner. 

The zero-degree heat of vaporization Lo is 

found from tables [ 101 to be 86 400 kcal/mole. The 
volume at OOK is obtained by extrapolation of thermal 
expansion data and is taken tc be 2.736 gm/cm’ . 
From compressibility data, b is found to be 3.24 I. 

The Slater relation [ ii], 

where primes denote 
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Figure 3. Transition of heat capacity from liquid to gaseous behavior. (The curves indicate the behavior 
of the vibrational component of the liquid phase only, and ignore the liquid-gas coexistence region.) 

differentiation with respect to V, gives y to within 
a few percent of the experimental value at normal 
density. Because of this agreement the Slatcr relation 
was used for the calculation for solid aluminum 
despite the objection that it assumes a volulne 
independent Poisson ratio. In the development of the 
Slater relation, the result 

p;, (VI 

“h Wo) 

is obtained. Given w 
0’ 

the Einstein frequency at 

vO’ 
the WE at any other V can be found. The 

quantity W . is found by comparing the entropy of an 

ideal solid in the Einstein approximation to the 
measured value at low temperature and using the 
Slater relation to correct to V,. For solid 

aluminum, the Einstein temperature, 0 = Ku/k was 
found to be 269.38”K. For the liquid phase, the 
entropy in equation (26) is used to find the liquid 
Einstein tcmperaturc which is corrected to V, 

using equation (25) . For liquid aluminum, the 
Einstein temperature was found to be i17.!)3YK. 

The electronic terms for aluminum arc obtained 
by considering all three valence electrons as free and 
by taking the effective mass to be I. 6  times the normal 
electron mass. This brings the calculated electronic 
heat capacity, equation (32)) into agreement with the 
measured value [ 121. 

The constants Li, B, Em, [I in the liquid 

potential are found in the following manner. At the 
melting volume ratio 5, and temperature Tm, the 
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cncrgy is I$( [,,) + Ev (5 m’ Tm) .+ Ee (5 m’ Tm) 
which must cqunl to the cncrgy of the zero-degree 
c!rysl:ll I. I~IIH 1110 lieat to n~c:ll, which is known I, 
c~~~“!I~lIII~!IIl.:III,v. All c~u:lHllllcw wqul wcl tc, c:onl(n~llI 

I’:“( 1.,,,. ‘I’,,,) rllltl l”J/; 
Ill’ 

‘r,,,) hf~v0 1~0011 Hp0Oirkd; 

tlHl:i. l.:l<(/,ll,) iH kllIBWll. S~llli~:lk’t~, 

~~+t~,~) 1 ~~~~~~~~~~ *r,,,) + lp,,,, ‘rl,,) - lantn,: 
\ 

thcreforc, I’,( (t,,) is known. Using equations ( 15) 

and ( i6) Car 6 2 tl, simultaneous equations 
containing Li and B are obtained. Their solution 
for aluminum yields Li = 72 531 c&mole, and 
B ~7 146 397 Cal/mole. The quantity t1 is found by 
requiring the two expressions for P k, equation ( 16)) 
to be equal at 4= tl. For aluminum, it was found 
that [, = 1.0265. Finally, the requirement that both 
expressions for E ,~, equation (18)) agree at 

5 = lt is used to obtain E = 2654 Cal/mole. m 

The Fusion Curve and Equation of 
State Surfaces 

Ilnving spccificd the various constants for 
:tluminum, computations wcrc carried out For both 
Lhc solid and liquid phase for various values of 5 
:md T. Isotherms of a Gibbs energy versus pressure 
plot arc shown in Figure 4. Since the phase that 
products the lowest Gibbs energy at a given temper- 
aturc and pressure is the stable phase, the inter- 
sections of the solid-liquid isotherms represent 
points on the fusion curve (Fig. 5) . Using the fusion 
curve, isotherms are constructed on a P-V surface’ 
(Fig. 6), an E-V surface (Fig. 7)) and an S-V 
surface (Fig. 8) . Isoenergy lines on a P-V surface 
are shown in Figure 9. 

Comparison with Experimental Results 

To compare the equation of state developed 
in this paper with data obtained from shock com- 
pression experiments, the Hugoniot requirement, 

E-Eo= $ wvoo -VI , (33) 

is solved simultaneously with the equation of state. 
In experiments with porous samples, the volume 

R.  J .  N A U M A N N  

Figure 4. Gibbs enorgy isotherms. (Circles 
reprcsont the intersection of the liquid and solid 

isotherms and determine the melting pressure for 
that pnrticulnr tempornture. ) 

* 

Figure 5. Melting curve deduced from Gibbs 
energy plot. 

V o. represents the actual specific volume tif the 

sample, which may be several times the volume of a 
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.: 

F igure  6. P ressure  isotherms. (Breaks  in  the isotherms represent  t ransi t ion f rom sol id 
to l iqu id phase .  )  

no rma l  crystal. T h e  states that can  b e  reached  
by  shock ing  a  crystal wi th init ial specif ic vo lume  
rat io V  0 0  must  l ie a l ong  the intersect ion of 

equa t ion  (33)  a n d  the’equa t ion  of state sur face in  
P - V - E  space  ( Fig. 9 )  . By  vary ing the porosi ty of 
the sample ,  any  state can,  in  pr inciple,  b e  reached  
by  shock compress ion.  

In per fo rming  shock compress ion  exper iments ,  
the observab les  a re  the shock velocity D  a n d  the 
m a terial  velocity u. These  a re  re la ted to the 
the rmodynamica l  quant i t ies E , P , a n d  V  th rough  
the Hugon io t  re lat ions 

V , (D-u)  =  V D  (conservat ion of mass)  (34)  

P V o o  =  D u  (conservat ion of m o m e n tum) . (35 )  

These  re lat ions a re  used  to re late the observab les  
u  a n d  D  to the Hugon io t  states found  by  solv ing 
equa t ion  (33)  wi th the equa t ion  of state. F igure  1 0  

compares  the pred ic ted results for var ious porosi t ies 
with m e a s u r e d  results summar i zed  in  Tab le  I. Ve ry  
g o o d  ag reemen t  is ob ta ined  cons ider ing  that the 
equa t ion  of state constants a re  de te rm ined  solely f rom 
amb ien t  proper t ies  a n d  conta in  n o  constants ad jus ted  
to fit the h igh-p ressure  data.  T h e  h ighest  p ressure  
da tum point  falls somewha t  a b o v e  the pred ic ted curve 
for l iqu id a Ium. inum,  but  is be low  the curve for sol id 
a luminum.  T h e  fus ion curve clear ly indicates that 
mel t ing shou ld  have  occur red  at this state, but  the fact 
that the m a terial  was  shock compressed  m a y  have  
p reven ted  the p h a s e  transi t ion to b e c o m e  comple te  in  
the short  tim e  involved,  a n d  the d iscrepancy cou ld  b e  
that the a l um inum is behav ing  as  a  super -hea ted  
sol id. O n  the o ther  hand ,  the inacourac ies  in  the 
mode l ,  part icular ly in  the assumpt ion  of a  Mo rse  
potent ia l  con f igured  f rom the amb ien t  compressibi l i ty,  
cou ld  easi ly  account  for such  a  d iscrepancy at 
p ressures  of 5  M b . 

T h e  reproduc t ion  of states o n  the Hugon io t  for 
no rma l  crystal densi ty  is not  a  part icular ly crucial  
test for a n  equa t ion  of state. T h e  latt ice terms a re  
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- 
0.1 0.2 

Figure 7. Energy isotherms. (Breaks in the Figure 8. Isotherms on S-V plot. (Breaks in the 
isotherms represent transitions from solid to isotherms represent transitions from solid to 

liquid phase. ) liquid phase. ) 

I 1 I 1 I I 1 I I. I I I I 7 

- 
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I 04 OJZ 0s 044 070 O?b ou 0.w 0.04 I.(0 I.01 1.12 1.11 

Figure 9. Isoenergy lines. (When lines of constant internal energy are plotted rather than lines of constant 
temperature, the phase transitions are not apparent.) 
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I30 onslly rclatcd to tho ralntlvo volr~cily of 1110 
impacting mnplos.  Figure 11 is il 1,101 01 prossuro 
for dlfforont porositlcs versus II, -rnd cxporimcWnl 
points arc shown for comparison. 

Figure 12 is a plot of tempernturc in the shocked 
region as a function of u. The various datum points 
are illustrated not as a comparison, since measurc- 
ment of temperatures were not made, but as an 
indication of the range of temperatures accessible to 
this technique. The fact that higher temperatures 
are produced by increasing the porosity is dramat- 
ically illustrated by comparing the temperature for 
the 1.43, 2.08, and 2.98 points and 1.00 point at 
5.62 km/set. These states were created by the same 
impact velocity. The fact that there is a discontinuity 

Figure 10. D-u plots comparing computed results 
with experimental data points. (The short dashed 
region on the V,,/V, = I curve represents the 

transition region from solid to liquid phase. The 
long dashed curve represents a superheated solid. ) 

the major contributors at all but the highest com- 
pressions, and the fact that the restoring forces 
“stiffen up” at high compressions extends the validity 
of the assumption that the atoms vibrate as harmonic 
oscillators to high temperatures. Therefore, the 
Einstein or Debye Model together with the Mie- 
Gruneisen equation and a properly adjusted zero- 
degree isotherm will give a good representation of 
the normal Hugoniot to several megabars. Addition 
of electronic terms W ill extend such a model even 
further. However, such models fail for the lower 
compression, higher temperature states obtained by 
shock compressing porous samples. The equation of 
state developed in this work successfully predicts 
these states, as shown in Figure 10. 

It is useful for shock compression work to plot 
various thermodynamic coordinates against material 
velocity u as a means of expressing the thertno- 
dynamic state attained in a shock process. The 
naterial velocity is’particularly useful because it can 

12345618 9 10 11 I2 13 14 

Y (h/ 'WC ) 

Figure ii. P-u plots comparing computed results 
with experimental data points. (No abrupt change is 

apparent that would indicate a phase transition.) 
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TABLE i. SlJMMARY OF IIUGONIO’P DATA. POIt ALUMINUM 

GROIJ 1’ Ia 

D (km/set) uf (km/set) P( kb) v/v0 

7.531 3.230 335.8 0.7974 

6.927 2.319 222.7 0.8333 

6.500 1.700 153.5 0.8G96 

GROUP IIb 

D (kln/scc) 11 (km/see) I’( kb) 
Yv 

9.13 2.80 GS3 1.442 

IO. 39 3.70 1042 ; 1.553 

12.94 5.62 1971 I. 767 

GROUP III’ , 

voo~vml D (km/set) P(Mb) vo/v Ud 
- 

1.00 18.31 l . iG 4.93 2.185 9.93 

1.43 il.74 f . 10 I.301 1.408 G. 25 

2.08 11.42 i .OS 1.003 1.176 G. 74 

2.98 10.75 I- .08 0.702 l.Oi5 7.18 

-9  

aThcse are rel)rescntativc points of those listcci by J. M. Walsh, 
M. II. Rice, R. G. McQuecn, atld 1~. L. Ynrgcr, Phys. Rev.: 1()8, 
196 ( 1957) ‘rhc Material velocity u is taken to bc i/2 the mcnsurcd 
free surface velocity, uf. 

b L. V. Al’tshuler, S. B. Kormer, A. A. Bakanova, and R. F. Trunin; 
Soviet Physics - JETP, 2, 573 (1962) 

‘S. B. Kormer, A. I. Funtikov, V. D. Urlin, and A. N. Kiksnikova, 
Soviet Physics - JETP, 5, 477 ( 1962) 

d The quantity u was not stated in the paper. It was recovered by the 
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Figure  12.  T -u  plots. (The  da ta  points  a re  s h o w n  
on ly  to indicate r a n g e  of tempera tu res  reached  by  

present  exper imenta l  techniques.  T h e  b reak  in  the 
curves indicates that tempera tu re  measu remen t  

cou ld  serve as  a  m e thod  of detect ing 
p h a s e  transit ions. )  

in  the tempera tu re  curve at the mel t ing reg ion  g ives 
a  possibi l i ty of exper imenta l ly  detect ing the mel t ing 
point  at very h igh  pressures,  a l though  such  temper -  
a ture  measu remen t  wou ld  b e  ext remely  difficult to 
m a k e  in  sol ids. 

F igure  i3  is a  plot  of en t ropy  as  a  funct ion of u. 
As  before,  the ind icated da ta  points  a re  in tended  on ly  
to indicate r a n g e  of exper imenta l  states, not  measu re -  
merits. For  compar ison ,  the tempera tu re  a n d  p h a s e  
of a l um inum at amb ien t  p ressure  for var ious va lues  
of en t ropy  is indicated.  Assuming  the re lease  is 
ad iabat ic  a n d  isentropic,  a n  est imate of the re lease  
tempera tu re  can  b e  m a d e . A ttempts have  b e e n  m a d e  
to m e a s u r e  the re lease  tempera tu re  of shock 
compressed  sol ids. Tay lor  [ 1 3 1  repor ts  a  favorab le  
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Figure  13.  S - u  plots. (The  da ta  points  indicate 

measu remen t  r a n g e  ra ther  than  actual  
measurements .  T h e  d a s h e d  l ines indicate en t ropy  
va lues  co r respond ing  to the stated tempera tu res  at 
amb ien t  pressure.  If the re lease  is a s s u m e d  to b e  

isentropic,  these can  b e  used  to indicate re lease  
temperature .  )  

compar i son  be tween  calcu la ted a n d  m e a s u r e d  re lease  
tempera tu res  for C u  u p  to the mel t ing point .  

C O N C L U S IO N S  

A  comple te  equa t ion  of state for m e tals that 
descr ibes bo th  the sol id a n d  l iqu id -dense vapor  p h a s e  
has  b e e n  deve loped .  Al l  empi r ica l  constants requ i red  
can  b e  ob ta ined  f rom e lementa ry  the rmodynamic  da ta  
at amb ien t  condi t ions.  S ince  al l  t he rmodynamic  
funct ions a re  der ived  f rom the’ part i t ion funct ion, 
the rmodynamic  consistency is guaran teed .  P h a s e  
transi t ions be tween  the sol id a n d  l iqu id c o m e  abou t  
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naturnlly by using the Gibbs cncrgy to detormino the 
stable phase for a given state. Detailed computations 
were carried out for aluminum and the ability for the 
model to predict the behavior of aluminum for 
pressures of 5 Mb and temperatures of 20 000°K was 
demonstrated. Since only elementary thermodynamic 
data at ambient conditions are required to configure 
the model, extension to other metals is straight- 
forward by insertion of their appropriate constants. 
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The rnodcl cnn bc dx&lcd to higher tcmporuturcs 
with some additionnl computational cfCort to oblnin 
the electron contributions Cor tcmporntu rcs corn- 
pnrnblc to the Fermi tcmpernturc. ‘l’hc nwdcl cnn 
also bc cxtendcd to lower densities, provided the 
temperatures arc low enough to complctcly neglect 
electronic contributions. 
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A nunllccr of ways h:tvc bcon omployod to inves- 
tigatc the m;lss-flu characteristics of the near- 
earth mtitcoroid environment. Visual and photograph- 
ic means have been usod to define such charac- 
teristics in Lhc larger m&s region Lo as small as 
10-l gm , while satellites, notably the Pegasus 
spacecraft, have extended observations of small 
mass meteoroids to as large as 10m6 gm. The mass 
region between 10-l gm and 10m6 gm is a most 
important region in regard to long term spacecraft 
such as the S-IVB workshop. This region has been 
investigated primarily with radar observations. 
However, problems and uncertainties inherent in 
the analysis of the radar data have led to the desira- 
bility of usinK alternate methods to examine this 
mass region. 

Such :I mcthocl is provided through the use of 
low light level television systems such as the imngc 
orthicon, Chc SEC vidicon, or the image isocon. 
For this reason, the Meteoroid Physics Branch of 
the Space Sciences I,aboratory has undertaken 
meteor observations using an image orthicon system. 
With Lhis system, observations of l:lrger mass 
meteoroids may Lx: cxtcndcd to as small as low4 ym. 
‘L’hc system lhat is used I’or mctcor observations is :I 
Maryla?d Tclocommunic:tlions, Inc. Camera Chain 
with a GE 7967 low light level tube. The camera 
system uses a 525 line scan at the normal television 
frame rate of 30 frames per second. The optics 
used is an Aerojet Delft Rayxar lens with an aperture 
of approximately 5. 5 inches and a speed of f/O. 75. 
The results are video taped by Ampex 660 B/C tape 
recorders. 

Observational procedures are rather simple in 
that the entire system is portable and may be easily 
transported to different sites. Once in place, the 
camera is simply pointed to a selected region of the 
sky and the system is operated. Although our main 
observing site is presently on the south end of 
Redstone Arsenal, the system may be mounted in a 
DC-3 aircraft as shown in Figure 1 and flown to 
altitudes of 10 000 ft. This helps to alleviate the 
poor visibility which often prevails in the Huntsville 
area. With the Rayxar lens the field of view is 
approximately 13 by 16 degrees. Viewing at a 45- 
degree elevation, the observed area of the upper 
atmosphere in which meteor phenomena occur is 
approximately 1000 km2. 

Analytlls ol’ the obsorvcd results is ;I very 
‘painstaking cfforl. Many hours of analysis arc 
roquired for each hour of observation, :md a large 
backlbg of data easily develops. Tho fact that pro- 
cedures are still being developed to more easily and 
accurately anulyze the data also increases that 
backlog. 

The first step in the analysis is :Jo examine each 
video tape thproughly to locate all detectable meteors. 
Our present analysis procedures require that each 
observed area of sky be examined twice, since faint 
meteors are often difficult to detect: When a meteor 
is detected, its place on tape is noted along with 
information concerning its direction, spatial position, 
brightness, and speed. A meteor as observed by the 
image orlhicon system is shown in Figure 2. 

Scanning the t;~pccs results in mctoor numIx:rs 
xnd hourly ratcss. ‘PO chtc nearly 600 meteors hnve 
bocn clotcctctl. On the basis of the results rccordcd 
by other obsurvcrs, hourly rates of from 15 to 20 
wore uxpcctcd. Howuvcr, our :lnalysis procctlurcs 
h:~vc detcctctl consishntly highor ralcs than lhis; 
hourly rntcs oltc!~~ risr :ibovc 30 per hour and 
occasionally rise :IS high as 60 to 70 per hour. I1 
should I.E mcntionccl that the higher rnles wcrc 
observed during late summer and fall of last year, 
and the highest rates were observed in the vicinity 
of the Leonid meteor shower. Howcvcr, because of 
inclement weather, no observations were made during 
the actual shower period. 

The next step of the analysis is to determine the 
angular rates of the observed meteors. This con- 
sists of establishing two points along the trajectory 
of the meteor, finding the time required by the 
meteor to traverse this distance, and, with the aid 
of star charts, calculating the an@ar distance 
between the points. This results in the ‘angular rate 
of the meteor in degrees per second. 

The distribution of angular rates as observed by 
the camera for 200 meteors is shown in Figure 3. 
This does not necessarily reflect the actual distribu- 
tion of angular rates, since it is easier for the 
orthicon to detect slower meteors. This results 
from the fact that a faster meteor has a faster writing 
speed across the photocathode, and fewer photons 
are deposited in each resolving element. Therefore, 
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Figure  1. Im a g e  or th icon a n d  accessory  equ ipmen t  m o u n ted in  the 
DC-3  for a i rbo rne  m e teor  observat ions.  

g iven  two m e teors of equa l  br ightness,  the s lower  
object  wil l  a p p e a r  br ighter  to the camera  than  the 
faster one .  

This effect is s h o w n  m o r e  clear ly in  F igure  4. 
In a  laboratory  test a n  object  of s teady br ightness 
was  obse rved  at di f ferent angu la r  velocit ies. It m a y  
b e  seen  that the faster the object  moved ,  the m o r e  
difficult it was  to detect.  For  m e teors this m e a n s  
that as  the angu la r  rate b e c o m e s  greater ,  the 
l imit ing magn i tude  b e c o m e s  br ighter .  L imi t ing 
magn i tudes  for stars usual ly  occur  at abou t  the 
9 th  o r  10 th  magn i tude ,  a n d  in  except iona l  cases,  at 
the 11 th  magn i tude ,  but  m e teors this faint cou ld  on ly  
b e  detected if they possessed  near ly  a  zero  angu la r  
rate, a n d  then  the lack of a  trail wou ld  p robab ly  
rende r  them unobserved .  

Determinat ion  of the magn i tude  of a  m e teor  a n d  
the calculat ion of the in tegrated l ight curve of the 
m e teor  have  p resen ted  the most  difficult p rob lems  
assoc ia ted with the analys is  to date.  A  comple te  
analys is  must  take into cons idera t ion  not  on ly  h o w  
to interpret  what  is actual ly observed,  but  a lso  the 
m a n n e r  in  wh ich  the te levis ion system records  what  
is observed.  L o w  l ight level  photomet ry  th rough  
the use  of te levis ion systems is a  relat ively n e w  a r e a  
of e n d e a v o r  c o m p a r e d  with the m o r e  f requent  use  of 
pat tern d iscernment ,  a n d  the analys is  p rocedures  
a re  somewha t  uncer ta in.  A  n u m b e r  of m e thods 
have  b e e n  a t tempted to calculate the m e teor  magn i -  
tudes,  but  n o  s ing le  m e thod  has  s h o w n  itself ab le  to 
de te rmine  these magn i tudes  over  the r a n g e  of 
obse rved  br ightnesses.  It is poss ib le  that any  
comple te  analys is  wil l  have  to rely u p o n  m o r e  than  
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Figure  2. A  m e teor  as  obse rved  by  the i m a g e  or th icon system. 
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Figure  3. A n  angu la r  rate distr ibut ion of m e teors as  reco rded  by  the i m a g e  or th icon 
du r ing  observat ions th roughout  November ,  1969 .  
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3  1 0  is 
A N G U L A R  R A T E t D E C R E E S I S E C O N D I  

Figure  4. T h e  dec rease  in  appa ren t  br ightness of a n  
object  wi th increas ing angu la r  velocity. 

, 

o n e  m e thod  of br ightness .dcterminat ion.  Bnsic:dly,  
the vo l tage output  of a  m e teor  wil l  de f ine  its m a @ - 
tude  w h e n  a  compar i son  is m a d e  with stars of k n o w n  
magn i tude  p a r m e d  across the f ield of v iew at k n o w n  
rates. 

A t present ,  analys is  is accompl ished  by  v iewing 
the te levis ion moni to r  wi th a  photomul t ip l ier  tube.  
T h e  face of the moni to r  is masked  off cxcupt for a  
smal l  slit t h rough  wh ich  the passage  of the m e teor  
m a y  b e  observed.  A  peak-he igh t  l ight curve is then  
r e a d  f rom the photomul t ip l ier  tub by  I s to rage 
osci l loscope.  A  typical l ight curve of a  br ight  mctcor  
is s h o w n  in  F igure  5. Forty such  l ight curves have  
b e e n  obta ined.  This m e thod  works  for br ighter  m e -  
teors, a n d  m e teor  br ightnesses have  b e e n  t lctermincd 
to the seventh  magn i tude .  Fainter  m e teors a re  lost 
in  the backg round  no ise  a n d  must  b e  exam ined  by  a n  
a l ternate m e thod.  

By  the e n d  of the summer ,  a  second  televis ion 
system, a n  S E C  vidicon, wil l  comp lemen t  ou r  obser -  
vat ions. Us ing  the two systems stat ioned at di f ferent 
sites, the m e teor  orbit,  velocity, a n d  he ight  m a y  b e  

. t 

I 

. . . . . . . . . 

. 

F igure  5. A  typical peak-he igh t  l ight curve as  reco rded  by  a  
photomul t ip l ier  tube  observ ing  the te levis ion moni tor .  
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calcu la ted in  addi t ion  to the in format ion a l ready  invest igat ions to b e  m a d e  into o ther  a reas  of low 
recorded.  T h e  use  of the two systems wil l  a lso  a l low l ight level  as t ronomy.  
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PHOTOELECTRIC OBSERVATIONS OF METEORS TO 6.1 MAGNITUDE 

R. J. Naumann 

SUMMARY 

A photoelectric technique for detection and 
photometric measurement of meteors has been 
demonstrated. Through this technique meteors 
as faint as 6.4 magnitude have been observed, 
although sky conditions at the present, observing 
site limit the useful sensitivity to approximately 
5.0 magnitude. The present observations indicate 
somewhat higher influx than expected by extrapola- 
tion of the photographic results, but the limited 
observations to date do not allow a determination 
of whether this result is caused by shower effects 
or by difference in calibration techniques. 

I NTRODUCT ION 

The definition of the meteoroid environment 
has been the object of a considerable effort within 
NASA. The presently accepted environment [l] 
depends heavily on photographic and visual observa- 
tions to define the influx of the larger masses. The 
observational limit of such techniques is approxi- 
mately fifth magnitude, but the useful limit, beyond 
which the probability of detecting a meteor is sub- 
stantially diminished, is approximately 2.5 mag- 
nitude. This corresponds to approximately 0.1 gm 
mass. The present NASA environment extrapolates 
from these data to the Pegasus data at 10m6 gm. 
The most critical region for large manned space- 
craft is in the mass range of lo-* to lOma gm, which 
is exactly in the middle of the five orders of magni- 
tude extrapolation between existing data points. 
Since meteoroid impacts may represent the most 
serious hazard to long-term operation of large 
orbital space stations, it is imperative to refine 
our present knowledge of the meteoroid environment 
in this critical region. 

The most obvious approach is to extend the 
existing photographic data to fainter magnitudes by 
using more sensitive equipment such as extremely 
low light level TV systems. The Meteoroid Physics 

Branch of the Space Sciences Laboratory of Marshall 
Space Flight Center is currently using such a system 
that can observe meteors as faint as eighth magni- 
tude. However, such magnitudes can only be obtained 
for meteors with slow angular rates. This is because 
a fast meteor spends only a small fraction of the 
integration time of the instrument in a single 
resolving element. Consequently,. the difference in 
output of that element is small compared with 
statistical fluctuations in surrounding elements, and 
the contrast is too low to allow detiction unless the 
intensity is substantially above threshold. 

To supplement these TV observations and to 
aid in the photometry of meteors observed with 
video techniques, a 1.5-m searchlight mirror is 
used to image a portion of the sb on the photo- 
cathode of an Amperex 150 UVP photomultiplier 
tube. The output of the photomultiplier tube is 
displayed on a memory oscilloscope through a type 
IA’IA plug-in with the bandpass set for 0.1 to 100 Hz. 
This was done to eliminate the dc background and the 
high-frequency shot noise from the sky. Meteors 
passing the field of view are seen as a momentary 
increase in s&nal that is stored on the memory 
scope and photographed by the observer. 

A similar technique was used by Davis [2] to 
determine color indices of meteors as faint as fourth 
magnitude. Davis’ system used a much larger 
120-mm photomuliplier tube with no optics. A 
50-degree field of view was defined by an aperture 
above the tube. Cur system is more sensitive 
because of the smaller field and larger light-gathering 
capability. 

THEORETICAL LIMIT OF A PHOTOMULTIPLIER 
METEOR DETECT I ON SYSTEM 

The determining factor in the limiting detectability 
of the system is the fluctuations in the background. 
These fluctuations occur because energy is quantized, 
and the arrival of these quanta is a purely random 
process. In any random process, if N events are 
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expected in some interval of time t, the standard 
deviation is & (provided N >> 1). In a photo- 

If a randomly occurring signal is less than the 
noise, there is no way of deteCting it. As the signal 

detector, photoelectrons are produced by photons is made largor than the noise, the detection proba- 
within a certain energy range striking the photo- bility is incruuscd. A signal-to-noise rutio of flvu 
cathode. The number of electrons produced is EN, is generally considorod sufficionl to assure detection. 

IJ 

where Q is the quantum efficiency and Nb is the This is equivalent to rejection of all but five sigma 
statistical fluctuations. 

number of photons within the energy range from the 
background. 

The average current is 

Amplification will increase both signal and noise 
while adding additional noise. It will be assumed 
here that the added noise is negligible so that the 
system will be limited by the fundamental quantum 

EN e noise at the input. This, of course, will set an 

I b . upper limit on the performance of the system which 
av = - = cNbe t , no amount of design can surpass. 

where e is the, electronic charge and Nb is the 

average number of photons per unit time. 

Let us now turn to the task of computing the noise 
background k, and the signal is. The rate at 

which signal photons strike the detector is 

A standard deviation in i is 

Ns = (collecting area) 

(Ai) 
&q 

=- 
rms t x (flux of photons within the proper 

spectral region) 

Since Nb = Nbt, It is useful to describe the source in terms of stellar 
magnitude. By definition of stellar magnitude, the 

Ek 

J 

intensity of an Mth magnitude object is related to a 

(Al) = e -$ . 
zero magnitude object by 

rms 

Notice that the root mean square noise current can 
be reduced by increasing the measuring time t. 

I(m) = I(o) 10 -0.4M 

This is equivalent to reducing the bandwidth of the 
system by excluding higher frequencies, since 
t = (2Af)-1. 

Having defined the root mean square noise 
photocathode current, we now consider the signal 
current. If signal photons arrive at rate fig, the 
average signal current is 

A zero magnitude star produces a spectral flux of 
3 x 10-a W/m’/p on earth at a wavelength of 0.5~. 
Assume that this spectral flux is COnS~t over a 
small Ah centered about 0.5~. The energy flux 
from an Mth magnitude object within spectral range 
AA is 

I = 3 x 10m8 -0’4M Ah W/m2 , 

i sig = rl;rse . 

The signal-to-noise ratio is 

ml3 = ’ 

To convert this to number of photons, we must 
divide by the average energy of a photon. A photon 
with a wavelength of 0.5)~ has an energy of 

E h; 6.63 x 10 -94x 3x 108 = 
0.5x 10-6. J 

E = 4 x lo-i8 J . 
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Therefore, Finally, 

x 0.75 x i011-o’4MAX c , 

whet-c Ah is in microns, and d is the diameter 
of the objective lens in meters. 

The background sky is an extended source and 
therefore the IGb is 

. 
Nb = (collecting area) 

x (no. of photons/area/solid angle) 

x (solid angle seen by detector) . 

The steradiancy, or brightness, of the sky is often 
expressed in terms of a sky index, N,,, the 
equivalent number of lOth-magnitude stars per square 
degree. From the result derived above, the number 
of photons in interval Ah centered at 0. 5~ from a 
lo&magnitude star is 0.75 x 10’ AA photon/sec/m2. 

The solid angle subtended by the photocathode 
depends on the focal length and the photocathode 
area, 

By definition of solid angle and the fact that rays 
pass through the vertex of the lens undeviated, 

A 
hl=+sr . 

Since 1 degree is 0.01745 radian, one square degree 
subtends (0. 01745)2. 

. 
Nb 

= $- (m2) 

x0.75x 1074h photons 
set m2 10th mag star > 

To extend to as faint objects as possible, it is 
evident that d must be as large as practical, E 
should be aslarge as possible, Ah ‘as large as 
possible, and Ni,, as small as possible. Decreasing 
the solid angle will increase the sensitivity, and 
will also limit the number of events seen. This will 
be considered later. 

The present system uses a photomultiplier tube 
with broad response to increase AA and a large 
area searchlight mirror. Approximate values are 

d = 1.5m 

F  = 0.5m 

AK = H (0.032)2 m2 
4 

E = 0.15 electrons/photon 

Ah = 0.1~ 

40 = 2000 10th magnitude stars/de2 , 

The solid angle is 

52 = -&$$$$ = 10.5de$ . . . 
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The area of the collector is 

Area = w = i.76m2 

lib = 1.. 76 x 0.75 x 10’ x 0.1 x 2000 x 10.5 

= 2.8 x 10” photons/set 

%  = 1.76x 0.75x 10 ii-0.4Mx o l 

= 1.32 x 10 1 O-O, 4M photons/set 

i = 2.8 x lOi x 15 x 1.6 x 10”’ av 

= 0.67 x 10.-a A 

(AU = 1.6 x lo-” JO. 15 x 2.8 x 10” 2Af rms 

= 1.47x lo-‘4&Zi . 

W ith a bandpass of 100 Hz, the root mean square 
background is 1.47 x lo-l3 A at the photocathode. 
The faintest meteor that could be detected against 
this background is obtained by requiring 

or 

1.32 x 10 lo-0.4M = 

1.32 x 1010-o’4M = 30.6 x 10’ . 

Taking logarithms, 

lo- 0.4M = log23.2+6 = 7.364 

0.4M = 2.636 

M  Lim =6.6 . 

The ultimate performance of this technique may 
he estimated by considering possiblo improvements. 
The expression for limiting magnitude is 

M  Lim = const + 1.25 log . 

Not much improvement can be expected in E or 
A,X. The collecting area is as large as can be 
obtained for a reasonable cost. The biggest 
potential gain lies in the sky background, Ni,. 
The value of 2000 was used for the vicinity of 
Huntsville. An improvement factor of four could 
be realized by moving the system to a darker site 
which would increase the limiting magnitude by 
0.75. The solid angle could be reduced by using a 
smaller photocathode or a longer focal length. 
However, this is accompanied by a reduction in 
data acquisition rate since a smaller area is viewed 
and by increased bandwidth requirements if the 
meteor duration is limited by the field of view. 

The transit time of a meteor across the field 
of view is 

%  ( ) 
i/2 t=z 1-w ( d i 

where d k is the diameter of the photocathode, F  

is the focal length, w is the angular rate, and r 
is the smallest distance from the center of the 
photocathode to the image of the meteor trail. 

IMAGE OF 
METEOR TRAIL 

But 

( 1+)“‘- (12L)i” , 

where Ar is the area included by radius r. Setting 
this radical to a value of 0.1 assures that 99 percent 
of all meteors within the field will have transit 
times greater than 

104 



R. J .  N A U M A N N  

dk 0.1 
t=y 3.2 6.4 

=-=Wme * 5000 

For urnax = 0.7 rad/eec, the shortest time that 

need be considered is 9 ma. The minimum bandwidth 
is - 50 Hz. 

The product tlAf must therefore be considered 
together. Since 

1 
Af=,, 

F  0.7 3.5 F 
=- 0.1 =- 2dk 4, 

and 

d2 k 
“-jyF I 

then 

dk SIAf-? . 

Thus sensitivity can be improved by 0.375 magnitudes 
by reducing dk/F by two, but the field of view and 

data acquisition rate are reduced by a factor of four. 

The practical limit would then appear to be the 
present system using an ii-mm photomultiplier, a  
bandwidth of 100 Hz* (which will still accommodate 
97 percent of even the fastest meteors) in a location 
with sky index of 500. This will gain 

0.75 magnitudes from better a@ 
1.16 magnitude from smaller solid angle 

1.91 total gain 

6.60 existing system 

M Lim = 8.51 

The area will be reduced by a factor of nine, but 
this will be approximately compensated for by the 
increase in meteor .population for decreasing size. 

1 CALI BRATION 

Since the system is always operated in a region 
where the anode current is small enough to assure 
linearity, the voltage observed can be related to 
the magnitude of a meteor by 

v-vb = (Vo-Vb)10 -0.4M 
, 

where V - Vb is the observed signal above back- 

ground, V. - Vb is the voltage associated with a 

zero magnitude meteor above background, and M  
is the magnitude of the observed source. The 
quantity v. - vb is obtained by calibration against 

known stars; 

In practice, since the background sky in the 
3-degree field of view is approximately the same 
as a zero magnitude star, the calibration star 
should be as bright as possible to reduae errors in 
obtaining the difference V 

obs 
- Vb. Sirius is an 

ideal calibration star because of its -1. 58 magnitude 
and also because it is a type Al star for which 
photographic and visual magnitude nearly coincide. 
For this reason, no correction will be made for 
color index, and all meteor magnitudes will be 
referred to type Al spectral class. 

A calibration for a typical observing night is 
described. A recording, integrating digital 
voltmeter was used to minimize fluctuations from 
twinkling. An average of 19.364 V was obtained 
from Sirius. As Sirius moved out of the field, the 
reading dropped to 3.890 V. Thus, 

19.364 - 3.890 = (V. - Vb) 10 -0.4(-l. 58) 

vO 
-Vb=3.60 . 

Several other stars were measured to check this 
calibration. The results are summarized in the 
following table: 

I. For very faint meteors the duration may be limited by the meteor being consumed rather than by the field 
of view. For this reason 100 Hz is the smallest bandwidth that should be considered. 
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Star 

Capella 

Procyon 

Betelgeuse 

Pollux 

Castor 

Type 

G8 

FG 

M2 

KO 

Al 

%  
-- 

0.21 

0.48 

0.92 

1.21 

1.58 

The M(calcuIated) was found from 

M 
Cd 

= 1.39 - 2.5 log (V - Vb) . 

v. - obs 

6.40 3. 61 

5.92 4. I2 

5. 06 4.12 

4.47 4.63 

4.69 4. 03 

There are several possible reasons for the 
differences between M  and M,. Probably the 

major source of error lies in obtaining the sky 
background. For these stars the mirror was 
moved to a region adjacent to the star, and the 
voltage was read. A slight difference in the sky 
background will make a substantial error for the 
fainter magnitudes. Also, the different spectral 
classes can be expected to require increasing 
correction for increasing redness since the tube 
used has an S-13 UV response. 

The sky index can be obtained by setting 
V - Vb = Vb(obs). The Vb(obs) ranged from 

3.2 V at zenith to 4.12 V at an elevation of approxi- 
mately 30 degrees. This corresponds to 0.128 
magnitude at zenith and -0.145 magnitude at 
30-degrees elevation. In terms of lOth-magnitude 
stars/de8, assuming a field of 10.5 de2, the sky 
index is 850 at zenith and 1100 at 30 degrees. 
These are probably low for the sky in the vicinity of 
Huntsville, where fourth-magnitude stars are barely 
visible to the eye. The response of the system falls 
off with angle before the geometric limit is reached 
because of spherical aberration. The exact shape 
of the response curve has not yet been determined, 
but from observing stellar transits, the response 
appears to be parabolic in nature with the vertex on 
the optical axis and the intercept at the geometric 
limit. It is estimated that the effective solid angle 
is 50 to 67 percent of the geometric solid angle. 

‘b 
_---- 

M  (calculated) 

0. 24 

0. 753 

1.58 

2.28 

1.84 

IDEAL GEOMET- 
RIC RESPONSE 
ESTIMATED AC- 
TUAL RESPONSE 

Thii correction will increase the sky index to 1500 
through 2000. 

; 
A substantial portion of the sky background is 

backscatter from Huntsville lights. This is evident 
from the 120-Hz component in the sky background 
that is typical of mercury lamps (Fig. 1). This is 
averaged out in the calibration procedure by using 
an integration time of l/60 set, but, as will be 
seen later, this component severely hampers the 
detection of faint meteors. 

METEOR OBSERVATIONS 

For the preliminary results described in this 
report, meteors were detected by an observer 
monitoring the memory scope on slow scan. Typical 
meteors are shown in Figure 2. The broad band of 
noise of the 120-Hz component is caused by 
Huntsville mercury vapor lamps. Brighter meteors 
show up as a temporary level shift. However, 
fainter meteors of short duration can be detected 
only if their peak intensity coincides with a peak in 
the background. This caused many of the fainter 

106 



Figure I. 120-Hz sky background and level 
shift. caused by a 3.45 nragnitude meteor 

(50 mV/cm, 10 ms/cm). 

Figure 2b. 5. 16-mabmitude meteor 
(50 mV/cm, 50 ms/cm). 

mctcors to be missed, as can bc socn in the 
histogram (1;ig. 3) . Apparently, dclcction probnbil- 
ity tliminishcs bcyonrl fifth magnitude. This, of 
course, can bc rectified by observing from a site 
with better viewing conditions and by using electronic 
techniques lo trigger a counter when an event occurs 
that is 5X background noise. The goal for the 
present phase was to demonstrate that the technique 
could be used to extend optical meteor data to 
fainter magnitudes. 

The results of 18 hours of observation are listed 
in Table 1. The voltages associated with the meteors 
have been corrected for filter attenuation (Fig. 4). 
which was obtained experimentally by feeding pulses 
of various shapes and duration into the system and 
observing the ratio of the observed pulse to input 
pulse. The voltages were then converted to magni- 
tude using the calibration result 

M = 1.39 - 2. 5 log,, (V - Vb) . 

R. J. NAUMANN 

Figure 2a. Typical meteors observed - 
3. 58-magnitude meteors 
(60 mV/cm, 100 ms/cm). 

Figure Xc. 4.5-magnitude mctcor 
(50 mV/cm, 50 ms/cm) . 

The results of these observations are plotted 
along with those of Hawkins and Upton 131 in 
la’igurc 5. The area was obtained by taking the 
portion of sky included in 10. 5 deg’ at a distnnce of 
100 km. 

It is interesting to note that the present study 
compares reasonably with the extrapolated results 
of Hawkins and Upton. The slope indicated by the 
observed data is practically identical with that 
deduced by Hawkins and Upton. The present obser- 
vations indicate an influx rate about a factor of three 
to four higher than expected from extrapolating the 
Hawkins and Upton curve. It is not yet certain that 
this is real. The present observations were made 
over a limited time (approximately 1 month), and 
it is known that fluctuations occur from month to 
month. The observations also contain the time of 
the Geminids shower which may have added signifi- 
cantly to the number observed. At present, limited 
statistics do not allow a determination of the effect 
of showers. There is also the problem of definition 
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Fi .gure  3. Resul ts  of lhis study c o m p a r e d  with pho tograph ic  work  of Hawk ins  a n d  Upton.  

1  
-3  -2  -1  0  1  2  3  4  5  6  7  8  9  1 0  1 1  1 2  
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2 0  
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P U L S E  D U R A T I O N  (ms  )  P U L S E  D U R A T I O N  (ms  )  
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.,: _.. s 

Figure  4. Fil ter a t tenuat ion at di f ferent pu lse  durat ions.  
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T A B L E  1. M E ’l’l~O l tS  O U S E L < V E D  IN 1 7  H O W S , 2 2  M l N U T E S  U H S E ItV M G  T IME 

dc  Leve l  Pu lse  Height  Dura t ion  
No.  T ime  V  m V  msec  Magn i tude  

1  l -20 -68  -- 
1  12 :45  4.5  1 8 7  1 5 0  3 .22  

1 1 - 2 1 - 6 8  

2  1 :25  4 .15  1 5 0  1 0 0  3 .45  
3  I :34 4 .00  9 0  9 4  4 .01  
4  2 :12  3 .85  4 1  8 0  4 .86  
5  2 :45  3 .85  1 2  3 4  4 .86  

1  l -22 -66  e  
6  12 :05  3. 0  5 0 0  1 5 0  2 .14  
7  12 :36  4.1  1 6 0  8 0  3 .58  
8  12 :40  4.1  1 7 0  G O  3  3 ” 
9  12 :45  4.1  6 7  3 8 0  4: 5; 
9 a  12 :45  4.1  3 6  L ’G  5 .00  

1 0  1 :02  7 5  5 ” 4 .20  
1 1  1 :50  3.0  1 3  1 3  G . 1 1  
1 2  1 :58  3.0  3 2 2  8 0  2. G Z  

1 2 - 1 3 - 6 8  
1 3  10 :05  3.7  9 5  4 2  3. 9 5  
1 4  11 : lO  4.6  2 5  2 2 6  5 .40  
1 5  10 :40  3.7  1 7 1  1 9  3 .27  
1 6  10 :45  3.7  4 0  2 2 6  4. 8 9  
1 7  10 :47  3.6  1 0  4 2  6 .39  
1 8  11 :03  3. 5  7 0  1 7  4 .28  
1 9  11 :15  3. 5  2 0 8  4 7  3 .09  
2 0  12 :oo  4.2  6 2  8 0  4 .41  
2 1  12 :15  3.9  6 0  3 1 6  4 .44  
2 2  12 :32  4.1  8 2  1 9 0  4 .11  
2 3  12 :45  3.9  1 0 2  2 7 0  3 .87  

1 2 - 1 6 - 6 8  
2 4  9 :oo  5.2  1 0 7  2 6  3 .82  
2 5  9 :03  5.2  3 5  2 3 1  5 .03  
2 6  9 :05  5.0  6 0  3 5  4 .44  
2 7  9 :36  4.4  4 3  1 0  4 .81  
2 8  9 :37  4.4  4 0  2 1 0  4 .89  
2 9  9 :40  4.4  7 1  4 2  4 .26  
3 0  9 :41  4.4  7 0  3 7  4 .28  
3 1  12 :20  4.7  5 0  9 0  4 .64  

l -13 -69  

(9 :05 - 1 2 : O O )  
3 2  8 :56  4 .01  2 7  8 0  5 .31  
3 3  10 :03  3. 8 7  3 1  1 5 0  5 .16  
3 4  11 :06  3 .62  4 1  2 1  4 .86  
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-. I INFLUX PREDICTED BY HAWKINS AND UPTON 

II INFLUX RATE ACCORDING TO HAWKINS AND 
UPTON’S RAW DATA BEFORE CORRECTION 
FACTOR MADE. 

III THESE DATA 

-3 -2 -1 0 1 2 3 4 5 6 7 a 9 10 11 

MAGNITUDE 

Figure 5. Influx rates of this study compared with those observed by Hawkins and Upton. 

of magnitude since our system has a response 
different from that of photographic film. 

CONCLUSIONS 

The use of a photomultiplier tube and a large 
objective mirror appears to be a useful technique 

for counting and obtaining photometric data for 
faint meteors. The present study extended the 
Hawkins and Upton results from 2.5 to 5.0 
magnitude. Meteors near the theoretical limit 
of 6.6 were observed but with low detection 
prcbability. The technique appears to have an 
ultimate capability of 6.51, which corresponds to 
masses of 4 x 10 4 gm. 

REFERENCES 

1. Models of the Meteoroid Environment - 1969 (Near Earth to Lunar Surface). NASA SP-8013, 
National Aeronautics and Space Administration, Washington, D. C., 1969. 

2. Davis, John: Photoelectric Meteor Observations and the Colour Indices and Visual Magnitudes of 
Meteors. Astronomical Contributions, Univ. of Manchester, vol. 126, 1963, pp. 445-467. 

3. Hawkins, G. S. ; and Upton, E. K. L. : The Influx Rate of Meteors in the Earth’s Atmosphere. 
Astrophys. J. , vol. 128, no. 3, July - Nov., 1958, pp. 727-735. 

ii0 



OBSERVATORY PLANS AND ASTRONOMICAL APPLICATIONS 
BY 

James McGuire 

The observatory constructed at the southern end 
of Redstone Arsenal was developed to improve the 
meteor observation program at MSFC and to aid in 
developing other astronomical programs. The area 
for the site, shown in Figure 1, was selected be- 
cause of its favorable location and the good visibility 
conditions present. Table I shows that the observa- 
tional conditions in the Huntsville area are more 
desirable than at 50 percent of the other observatory 
sites in the United States. The data in this table 
were obtained from the U. S. Weather Bureau and 
a Brown Engineering Company report. 

Figure 1. Location of observatory site at 
Redstone Arsenal. 

The views of the horizon observed from the site 
are shown in Figures 2 through 5. Figure 2 is a view 
of the eastern horizon; Figure 3, the southern hori- 
zon; Figure 4, the western horizon; and Figure 5 is 
a view of the northern horizon. The building shown 
in Figure 2 is not a part of the observatory, but 
belongs to the Army. The site is atop a hill approxi- 
mately 300 feet tall, the same height as the vibration 
test tower pictured in the background of Figure 5. 

TABLE 1. OBSERVATIONAL CONDITIONS 
OF OBSERVATORY SITE 

Sky Glow: 40 percent better than 
Monte Sano; 40 percent 
worse than the best loca- 
tion within 30 miles of 
Huntsville. 

Resolution Limitation: 0.15 second of arc 

Clear Nights: 15 percent better here than 
for the average eastern and 
midwestern observatory; 
15 percent worse here than 
for the average western 
observatory. 

Two telescopes and two domes will be used when 
the site becomes operational. The domes are made 
by Ash-Domes Corporation; the larger is 18 feet in 
diameter and the smaller, shown in Figure 6, is 12 
feet in diameter. One of the telescopes is manufac- 
tured by Ferson and has a 16-inch primary mirror 
(Fig. 7). This model can be used as a Newtonian 
telescope with a 53-minute field of view or as a 
Cassegrain telescope with a 15-minute field of view. 
The second telescope, shown in Figure 8, was made 
by Celestron Pacific and is also a 16 inch. This 
telescope is similar to a Schmidt telescope since it 
has a correcting lens for the spherical primary 
mirror. The advantage of this type of telescope is 
that it is a closed system and is therefore easier to 
keep clean and is not affected by heat waves in the 
telescope tube. When used in the Cassegrain mode, 
this telescope has a 20-minute field of view. The 
Celestron telescope also has a rich field adaptor 
that will allow a f-degree field of view. 

The instruments to be used on the telescope will 
be low light level TV systems, photographic equip- 
ment in conjunction with image intensifiers, photo- 
metric equipment, and, possibly, a spectrograph. 
Figure 9 shows a Celestron telescope with a low 
light level TV camera attached and the rich field 
adaptor being used. 
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Figure 4. View of western horizon from observatory site. 

Figure 5. View of northern horizon from observatory site. 
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F igure  6. S- foot  d iameter  d o m e  located at observatory  site. 

F igure  7. Fe rson  te lescope hav ing  a  is- inch pr imary  mirror .  
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Figure  8. Ce les t ron Pacif ic te lescope.  

It is h o p e d  that as t ronomica l  observat ions of used  to ob ta in  photometr ic  da ta  o n  ec l ips ing b inary  
m e teors can  b e  ex tended  to the 11 th  magn i tude  with systems. In the future, such  objects as  comets,  novae,  
these te lescopes.  T h e  Ferson  m o d e l  is n o w  be ing  a n d  n e b u l a e  cou ld  b e  s tud ied us ing  these te lescopes.  

1 1 5  
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Figure 9. Celestron telescope with a low light level TV camera 
and rich field adaptor attached. 
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UNITS OF MEASURE 

In a prepared statement presented on August 5, 1965, to the 
U. S. House of Representatives Science and Astronautics Committee 
(chaired by George P. Miller of California), the position of the 
National Aeronautics and Space AdministrationonUnits of Measure 
was statedby Dr. Alfred J. Eggers, Deputy AssociateAdministrator, 
Office of Advanced Research and Technology: 

“In January of this year NASA directed that the international 
system of units should be considered the preferred system of units, 
and should be employed by the research centers as the primary 
system in all reports and publications of a technical nature, except 
where such use would reduce the usefulness of the report to the 
primary recipients. During the conversion period the use of cus- 
tomary units in parentheses following the SI units is permissible, 
but the parenthetical usage of conventional units will be discontinued 
as soon as it is judged that the normal users of the reports would 
not be particularly inconvenienced by the exclusive use of SI units. If 

The International System of Units (SI Units) has been adopted 
by the U. S. National Bureau of Standards (see NBS Technical News 
Bulletin, Vol. 48, No, 4, April 1964). 

The International System of Units is defined in NASA SP-7012, 
“The Jnternational System of Units, Physical Constants, and 
Conversion Factors,I’ which is available from the U. S. Government 
Printing Office, Washington, D. C. 20402. 

SI Units are used preferentially in this series of research re- 
ports in accordance with NASA policy and following the practice of 
the National Bureau of Standards. 
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